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DEFORMATIONS AND THEIR CONTROLLING COHOMOLOGIES OF
O-OPERATORS
RONG TANG, CHENGMING BAI, LI GUO, AND YUNHE SHENG
Abstract. O-operators are important in broad areas in mathematics and physics, such as inte-
grable systems, the classical Yang-Baxter equation, pre-Lie algebras and splitting of operads. In
this paper, a deformation theory of O-operators is established in consistence with the general prin-
ciples of deformation theories. On the one hand, O-operators are shown to be characterized as the
Maurer-Cartan elements in a suitable graded Lie algebra. A given O-operator gives rise to a differ-
ential graded Lie algebra whoseMaurer-Cartan elements characterize deformations of the givenO-
operator. On the other hand, a Lie algebra with a representation is identified from an O-operator T
such that the corresponding Chevalley-Eilenberg cohomology controls deformations of T , thus can
be regarded as an analogue of the Andre´-Quillen cohomology for theO-operator. Thereafter, infin-
itesimal and formal deformations of O-operators are studied. In particular, the notion of Nijenhuis
elements is introduced to characterize trivial infinitesimal deformations. Formal deformations and
extendibility of order n deformations of an O-operator are also characterized in terms of the new
cohomology theory. Applications are given to deformations of Rota-Baxter operators of weight
0 and skew-symmetric r-matrices for the classical Yang-Baxter equation. For skew-symmetric r-
matrices, there is an independent Maurer-Cartan characterization of the deformations as well as
an analogue of the Andre´-Quillen cohomology controlling the deformations, which turn out to be
equivalent to the ones obtained as O-operators associated to the coadjoint representations. Finally,
infinitesimal deformations of skew-symmetric r-matrices and their corresponding triangular Lie
bialgebras are studied.
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1. Introduction
This paper studies deformations of O-operators, in particular of Rota-Baxter operators and
skew-symmetric r-matrices, using Maurer-Cartan elements and cohomology theory.
1.1. Deformations and cohomology. The method of deformation is ubiquitous in mathematics
and physics. Roughly speaking, a deformation of an object in a mathematical structure is a
perturbation of the object (by a parameter for instance) which gives the same kind of structure.
Motivated by the foundational work of Kodaira and Spencer [26] for complex analytic structures,
deformation theory finds its generalization in algebraic geometry [25] and further in number
theory as deformations of Galois representations [34].
In physics, the idea of deformation is behind the perturbative quantum field theory and quan-
tizing classical mechanics, inspiring the mathematical notion of quantum groups. Deformation
quantization has been studied under many contexts in mathematical physics [27, 28, 39, 40].
The deformation of algebraic structures began with the seminal work of Gerstenhaber [19, 20,
21, 22, 23] for associative algebras and followed by its extension to Lie algebras by Nijenhuis
and Richardson [35, 36]. Deformations of other algebraic structures such as pre-Lie algebras
have also been developed [9]. In general, deformation theory was developed for binary qua-
dratic operads by Balavoine [4]. For more general operads we refer the reader to the books of
Kontsevich-Soibelman [29] and Loday-Vallette [33], and the references therein. Also see the
paper of Fox [18] for a categorical approach by triples and cotriples.
A suitable deformation theory of an algebraic structure needs to follow certain general princi-
ple: on the one hand, for a given object with the algebraic structure, there should be a differential
graded Lie algebra whose Maurer-Cartan elements characterize deformations of this object. On
the other hand, there should be a suitable cohomology so that the infinitesimal of a formal de-
formation can be identified with a cohomology class, and then a theory of the obstruction to the
integration of an infinitesimal deformation can be developed using this cohomology theory. The
cohomology groups for the deformation theories of associative algebras and Lie algebras are the
Hochschild cohomology groups and the Chevalley-Eilenberg cohomology groups respectively. In
general the cohomology groups are the Andre´-Quillen cohomology groups which are isomorphic
to the cohomology groups of the deformation complexes [33].
Nijenhuis operators also play an important role in deformation theories due to their relationship
with trivial infinitesimal deformations. There are interesting applications of Nijenhuis operators
such as constructing biHamiltonian systems to study the integrability of nonlinear evolution equa-
tions [11, 15].
1.2. Rota-Baxter operators, skew-symmetric r-matrices and O-operators. The above defor-
mation theories do not apply to the study of deformations of linear operators on algebras such
as Rota-Baxter operators and more generally O-operators, as well as skew-symmetric r-matrices.
The goal of this paper is to develop a deformation theory of O-operators.
We first recall some basic concepts.
Definition 1.1. Let (g, [·, ·]) be a Lie algebra.
(i) Let λ be a scalar. A linear operator P : g −→ g is called a Rota-Baxter operator of
weight λ if
(1) [P(x), P(y)] = P
(
[P(x), y] + [x, P(y)] + λ[x, y]
)
, ∀x, y ∈ g.
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(ii) We also use the notation [·, ·] to denote the Gerstenhaber bracket on ∧•g. An element
r ∈ ∧2g is called a skew-symmetric r-matrix if r satisfies the classical Yang-Baxter
equation (CYBE):
(2) [r, r] = 0.
(iii) Let ρ : g −→ gl(V) be a representation of g on a vector space V . An O-operator on g with
respect to the representation (V; ρ) is a linear map T : V −→ g such that
(3) [Tu, Tv] = T
(
ρ(Tu)(v) − ρ(Tv)(u)
)
, ∀u, v ∈ V.
Note that when ρ is the adjoint representation of g, Eq. (3) reduces to Eq. (1) with λ = 0, which
means that a Rata-Baxter operator of weight zero is an O-operator on g with respect to the adjoint
representation. Furthermore, a skew-symmetric r-matrix corresponds to an O-operator on g with
respect to the coadjoint representation [31].
The concept of Rota-Baxter operators on associative algebras was introduced in 1960 by G.
Baxter [5] in his study of fluctuation theory in probability. Recently it has found many applica-
tions, including in Connes-Kreimer’s [14] algebraic approach to the renormalization in perturba-
tive quantum field theory. In the Lie algebra context, a Rota-Baxter operator of weight zero was
introduced independently in the 1980s as the operator form of the classical Yang-Baxter equation,
named after the physicists C.-N. Yang and R. Baxter [6, 44], whereas the classical Yang-Baxter
equation plays important roles in many fields in mathematics and mathematical physics such as
integrable systems and quantum groups [13, 41]. For further details on Rota-Baxter operators,
see [24].
To better understand the classical Yang-Baxter equation and the related integrable systems,
the more general notion of an O-operator (later also called a relative Rota-Baxter operator or a
generalized Rota-Baxter operator) on a Lie algebra was introduced by Kupershmidt [31], which
can be traced back to Bordemann [8]. In addition, the defining relation of an O-operator was also
called the Schouten curvature and is the algebraic formulation of the contravariant analogue of
the Cartan curvature of a Lie algebra-valued one-form on a Lie group [30]. An O-operator gives
rise to a skew-symmetric r-matrix in a larger Lie algebra [2].
In the context of associative algebras, O-operators give rise to the important structure of den-
driform algebras ([32]) and, more generally, leads lead to the splitting of operads [3, 37].
1.3. Summary of the results and outline of the paper. Given the critical roles played by Rota-
Baxter operators, skew-symmetric r-matrices and O-operators, it is important to develop their
deformation and cohomology theories. As aforementioned, the existing general theories do not
apply to such cases. To meet this need, we establish a deformation theory of O-operators which
is remarkably consistent with the general principles of deformation theories as indicated in Sec-
tion 1.1, including a suitable differential graded Lie algebra whose Maurer-Cartan elements char-
acterize the O-operators and their deformations as well as an analogue of the Andre´-Quillen
cohomology which controls the infinitesimal and formal deformations of O-operators. Further-
more, O-operators are closely related to pre-Lie algebras [2] (see Definition 2.5) which have a
well-established deformation theory. Our deformation theory of O-operators is also compatible
with that of pre-Lie algebras. We hope that this study will shed light on a general deformation
theory for algebraic structures (operads) with nontrivial linear operators.
In the following we give a summary of the main results and an outline of the paper.
First Section 2 provides the Maurer-Cartan characterization of O-operators and their deforma-
tions. From a representation (V; ρ) of a Lie algebra g, we obtain, via the derived bracket, a graded
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Lie algebra (⊕
dim(V)
k=0
Hom(∧kV, g), ~·, ·), of which the Maurer-Cartan elements are exactly the O-
operators. Further, a given O-operator T , as a Maurer-Cartan element, gives rise to a differential
dT := ~T, · on this graded Lie algebra. The Maurer-Cartan elements of the resulting differential
graded Lie algebra correspond precisely to deformations of the given O-operator T . There is a
close relationship between this graded Lie algebra and the one for pre-Lie algebras given in [12].
Section 3 sets up a cohomology theory for O-operators. In order to obtain a suitable analogue
of the Andre´-Quillen cohomology for O-operators, it is natural to take the Chevalley-Eilenberg
cohomology of a Lie algebra with coefficients in a representation. Contrary to our intuition, it is
not the Lie algebra g and the representation V , but a new Lie algebra structure on V induced by
the O-operator T and a representation of V on g. Explicitly, associated to an O-operator T on a
Lie algebra g with respect to a representation (V; ρ) we obtain a Lie algebra Vc := (V, [·, ·]T ) with
[u, v]T := ρ(Tu)(v) − ρ(Tv)(u) for all u, v ∈ V, and identify a natural representation ̺ of the Lie
algebra Vc on the space g. We take the corresponding Chevalley-Eilenberg cohomology to be the
cohomology of the O-operator and apply it to control infinitesimal and formal deformations of
O-operators in the following sections. Moreover, we found that this Lie algebra Vc is exactly the
commutator of the pre-Lie algebra induced by the O-operator T . There is also a natural map Φ
from these cohomology groups to the cohomology groups of the associated pre-Lie algebra.
The usual isomorphism [33] between the Andre´-Quillen cohomology and the cohomology of
the deformation complex has its counterpart for O-operators: this Chevalley-Eilenberg cobound-
ary operator d̺ coincides with the differential dT introduced above up to a sign, completing the
following diagram:
O-operator T

// MC element Too // differential dT = ~T, ·
(−1)|·|
Lie algebra Vc // rep (g;̺) of Vc // C.E. coboundary operator d̺.
Section 4 studies one parameter infinitesimal deformations of an O-operator. We show that if
two deformations are isomorphic, then the corresponding generators are in the same cohomology
class of the O-operator. We introduce the notion of Nijenhuis elements to characterize trivial
deformations. By means of the above natural map Φ from cohomology groups of the O-operator
and those of the corresponding associated pre-Lie algebra, further relations are obtained:
O-operators T : V → g w.r.t. (V; ρ) pre-Lie algebra (V, ·T ), u ·T v := ρ(Tu)(v)
infinitesimal deformation of T infinitesimal deformation of (V, ·T )
generated by T : V → g, T + tT generated by ωT, ωT(u, v) := ρ(Tu)(v)
T is a 1-cocycle ωT is a 2-cocycle
trivial deformations correspond to trivial deformations correspond to
Nijenhuis elements x ∈ g Nijenhuis operators ρ(x) ∈ gl(V) on (V, ·T )
Section 5 utilizes the cohomology theory of an O-operator to study formal deformations of O-
operators. We show that the infinitesimals of two equivalent one-parameter formal deformations
of an O-operator are in the same first cohomology class of the O-operator and that a higher
order deformation of an O-operator is extendable if and only if its obstruction class in the second
cohomology group of the O-operator is trivial.
Section 6 specializes to Rota-Baxter operators of weight 0 on a Lie algebra g, regarded as
O-operators on g with respect to the adjoint representation. We give some precise formulas for
deformations of Rota-Baxter operators of weight 0. Nijenhuis elements in certain Rota-Baxter
Lie algebras (Lie algebras with Rota-Baxter operators of weight 0) are classified.
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Section 7 focuses on deformations of skew-symmetric r-matrices on a Lie algebra g, regarded
as O-operators on g with respect to the coadjoint representation. Viewing the CYBE as a Maurer-
Cartan equation, we first provide a direct Maurer-Cartan characterization of deformations and
an analogue of the Andre´-Quillen cohomology controlling the infinitesimal deformations. This
deformation theory turns out to be equivalent to the one obtained as O-operators with respect
to the coadjoint representation. Through this equivalence, a notion of weak homomorphism be-
tween skew-symmetric r-matrices is introduced to further study their infinitesimal deformations.
Finally, we study infinitesimal deformations of triangular Lie bialgebras by the natural correspon-
dence between skew-symmetric r-matrices and triangular Lie bialgebras.
Throughout this paper, we work over an algebraically closed field K of characteristic 0 and all
the vector spaces are overK and are finite-dimensional.
2. Maurer-Cartan elements, O-operators and their deformations
Usually for an algebraic structure, Maurer-Cartan elements in a suitable graded Lie algebra
are used to characterize realizations of the algebraic structure on a space. For a given realization
of the algebraic structure, the corresponding Maurer-Cartan element equipped the graded Lie
algebra with a differential. Then the deformations of the given realization are characterized as
the Maurer-Cartan elements of the resulting differential graded Lie algebra. See Remark 2.7 for
the case of pre-Lie algebras and [33] for operads. Adapting this principle to O-operators, we first
need to construct a graded Lie algebra for a Lie algebra with a representation whose Maurer-
Cartan elements characterize the O-operators. It then follows that a given O-operator gives rise
to a differential on this graded Lie algebra and there is a one-to-one correspondence between
the set of Maurer-Cartan elements in the resulting differential graded Lie algebra and the set of
deformations of this O-operator.
We first recall a general notion and a basic fact [33].
Definition 2.1. Let (g = ⊕∞
k=0
gi, [·, ·], d) be a differential graded Lie algebra. A degree 1 element
θ ∈ g1 is called a Maurer-Cartan element of g if it satisfies the following Maurer-Cartan
equation:
(4) dθ +
1
2
[θ, θ] = 0.
A graded Lie algebra is a differential graded Lie algebra with d = 0. Then we have
Proposition 2.2. Let (g = ⊕∞
k=0
gi, [·, ·]) be a graded Lie algebra and let µ ∈ g1 be a Maurer-Cartan
element. Then the map
dµ : g −→ g, dµ(u) := [µ, u], ∀u ∈ g,
is a differential on g. For any v ∈ g, the sum µ + v is a Maurer-Cartan element of the graded Lie
algebra (g, [·, ·]) if and only if v is a Maurer-Cartan element of the differential graded Lie algebra
(g, [·, ·], dµ).
Let (V; ρ) be a representation of a Lie algebra g. Consider the graded vector space
C∗(V, g) := ⊕dim(V)
k=0
Hom(∧kV, g).
Define a skew-symmetric bracket operation
~·, · : Hom(∧nV, g) × Hom(∧mV, g) −→ Hom(∧m+nV, g)
by
~P,Q (u1, u2, · · · , um+n)
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=
∑
σ∈S(m,1,n−1)
(−1)σP(ρ(Q(uσ(1), · · · , uσ(m)))uσ(m+1), uσ(m+2), · · · , uσ(m+n))(5)
−(−1)mn
∑
σ∈S(n,1,m−1)
(−1)σQ(ρ(P(uσ(1), · · · , uσ(n)))uσ(n+1), uσ(n+2), · · · , uσ(m+n))
+(−1)mn
∑
σ∈S(n,m)
(−1)σ[P(uσ(1), · · · , uσ(n)),Q(uσ(n+1), · · · , uσ(m+n))]
for all P ∈ Hom(∧nV, g) and Q ∈ Hom(∧mV, g).
Note that for all x, y ∈ g,

x, y

= [x, y]. Furthermore, we have
Proposition 2.3. With the above notations, (C∗(V, g), ~·, ·) is a graded Lie algebra. Its Maurer-
Cartan elements are precisely the O-operators on g with respect to the representation (V; ρ).
Proof. In short, the graded Lie algebra (C∗(V, g), ~·, ·) is obtained via the derived bracket [42]. In
fact, the Nijenhuis-Richardson bracket [·, ·]NR associated to the direct sum vector space g⊕V gives
rise to a graded Lie algebra (⊕
dim(g⊕V)
k=0
Hom(∧k(g⊕V), g⊕V), [·, ·]NR). Obviously⊕
dim(V)
k=0
Hom(∧kV, g)
is an abelian subalgebra. A linear map µ : ∧2g −→ g is a Lie algebra structure and ρ :
g ⊗ V −→ V is a representation of g on V if and only if µ + ρ is a Maurer-Cartan element of
the graded Lie algebra (⊕
dim(g⊕V)
k=0
Hom(∧k(g ⊕ V), g ⊕ V), [·, ·]NR), defining a differential dµ+ρ on
(⊕
dim(g⊕V)
k=0
Hom(∧k(g ⊕ V), g ⊕ V), [·, ·]NR) via
dµ+ρ = [µ + ρ, ·]NR.
Further, the differential dµ+ρ gives rise to a graded Lie algebra structure on the graded vector space
⊕
dim(V)
k=0
Hom(∧kV, g) via the derived bracket
~P,Q := (−1)n[[µ + ρ, P]NR,Q]NR, ∀P ∈ Hom(∧
nV, g),Q ∈ Hom(∧mV, g),
which is exactly the bracket given by Eq. (5).
Finally, for a degree one element T : V −→ g, Eq. (5) becomes
~T, T (u1, u2) = 2
(
T (ρ(Tu1)u2) − T (ρ(Tu2)u1) − [Tu1, Tu2]
)
, ∀u1, u2 ∈ V.
This proves the last statement. 
Let T : V −→ g be an O-operator. Since T is a Maurer-Cartan element of the graded Lie
algebra (C∗(V, g), ~·, ·) by Proposition 2.3, it follows from Proposition 2.2 that dT := ~T, ·
is a graded derivation on the graded Lie algebra (C∗(V, g), ~·, ·) satisfying d2T = 0. Therefore
(C∗(V, g), ~·, · , dT ) is a differential graded Lie algebra. Further
Theorem 2.4. Let T : V −→ g be an O-operator on a Lie algebra g with respect to a repre-
sentation (V; ρ). Then for a linear map T ′ : V −→ g, T + T ′ is still an O-operator on the Lie
algebra g associated to the representation (V; ρ) if and only if T ′ is a Maurer-Cartan element of
the differential graded Lie algebra (C∗(V, g), ~·, · , dT ).
We next recall the notion of a pre-Lie algebra and the differential graded Lie algebra whose
Maurer-Cartan elements characterize pre-Lie algebra structures. We show that there is a close
relationship between these two differential graded Lie algebras.
Definition 2.5. A pre-Lie algebra is a pair (V, ·V), where V is a vector space and ·V : V⊗V −→ V
is a bilinear multiplication satisfying that for all x, y, z ∈ V , the associator
(x, y, z) := (x ·V y) ·V z − x ·V (y ·V z)
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is symmetric in x, y, that is,
(x, y, z) = (y, x, z) or equivalently, (x ·V y) ·V z − x ·V (y ·V z) = (y ·V x) ·V z − y ·V (x ·V z).
Relating an O-operator to a pre-Lie algebra, we have
Theorem 2.6. ([2]) Let T : V → g be an O-operator on a Lie algebra g with respect to a
representation (V; ρ). Define a multiplication ·T on V by
(6) u ·T v = ρ(Tu)(v), ∀u, v ∈ V.
Then (V, ·T ) is a pre-Lie algebra.
A permutation σ ∈ Sn is called an (i, n − i)-unshuffle if σ(1) < · · · < σ(i) and σ(i + 1) < · · · <
σ(n). If i = 0 or n, we assume σ = Id. The set of all (i, n− i)-unshuffles will be denoted by S(i,n−i).
The notion of an (i1, · · · , ik)-unshuffle and the set S(i1 ,··· ,ik) are defined analogously.
Let V be a vector space. For α ∈ Hom(∧nV ⊗ V,V) and β ∈ Hom(∧mV ⊗ V,V), define α ◦ β ∈
Hom(∧n+mV ⊗ V,V) by
(α ◦ β)(u1, · · · , um+n+1)
:=
∑
σ∈S(m,1,n−1)
(−1)σα(β(uσ(1), · · · , uσ(m+1)), uσ(m+2), · · · , uσ(m+n), um+n+1)(7)
+(−1)mn
∑
σ∈S(n,m)
(−1)σα(uσ(1), · · · , uσ(n), β(uσ(n+1), · · · , uσ(m+n), um+n+1)).
Then the graded vector space C∗(V,V) := ⊕k≥0Hom(∧
kV ⊗V,V) equipped with the graded bracket
[α, β]C := α ◦ β − (−1)mnβ ◦ α, ∀α ∈ Hom(∧nV ⊗ V,V), β ∈ Hom(∧mV ⊗ V,V),(8)
is a graded Lie algebra. See [12, 43] for more details.
Remark 2.7. For α ∈ Hom(V ⊗ V,V), we have
[α, α]C(u, v,w) = 2(α ◦ α)(u, v,w) = 2
(
α(α(u, v),w) − α(α(v, u),w) − α(u, α(v,w)) + α(v, α(u,w))
)
.
Thus, α defines a pre-Lie algebra structure on V if and only if [α, α]C = 0, that is, α is a Maurer-
Cartan element of the graded Lie algebra (C∗(V,V), [·, ·]C).
Define a linear map Φ : Hom(∧kV, g) → Hom(∧kV ⊗ V,V), k ≥ 0, by
Φ( f )(u1, · · · , uk, uk+1) = ρ( f (u1, · · · , uk))(uk+1), ∀ f ∈ Hom(∧
kV, g), u1, · · · , uk+1 ∈ V.(9)
Proposition 2.8. Let (V; ρ) be a representation of a Lie algebra g. Then Φ is a homomorphism of
graded Lie algebras from (C∗(V, g), ~·, ·) to (C∗(V,V), [·, ·]C).
Proof. For P ∈ Hom(∧nV, g) and Q ∈ Hom(∧mV, g), we have [Φ(P),Φ(Q)]C ∈ Hom(∧m+nV ⊗
V,V). More precisely, for all u1, · · · , um+n+1 ∈ V , we have
(Φ(P) ◦ Φ(Q))(u1, · · · , um+n+1)
=
∑
σ∈S(m,1,n−1)
(−1)σΦ(P)(Φ(Q)(uσ(1), · · · , uσ(m+1)), uσ(m+2), · · · , uσ(m+n), um+n+1)
+(−1)mn
∑
σ∈S(n,m)
(−1)σΦ(P)(uσ(1), · · · , uσ(n),Φ(Q)(uσ(n+1), · · · , uσ(m+n), um+n+1))
=
∑
σ∈S(m,1,n−1)
(−1)σρ
(
P(ρ(Q(uσ(1), · · · , uσ(m)))uσ(m+1), uσ(m+2), · · · , uσ(m+n))
)
um+n+1
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+(−1)mn
∑
σ∈S(n,m)
(−1)σρ(P(uσ(1), · · · , uσ(n)))ρ(Q(uσ(n+1), · · · , uσ(m+n)))um+n+1.
For any σ ∈ S(n,m), we define τ ∈ S(m,n) by
τ(i) =
{
σ(n + i) 1 ≤ i ≤ m;
σ(i − m) m + 1 ≤ i ≤ m + n.
Thus we have (−1)τ = (−1)mn(−1)σ. In fact, the elements of S(n,m) are in bijection with the
elements of S(m,n). Then we have
(Φ(Q) ◦ Φ(P))(u1, · · · , um+n+1)
=
∑
τ∈S(n,1,m−1)
(−1)τρ
(
Q(ρ(P(uτ(1), · · · , uτ(n)))uτ(n+1), uτ(n+2), · · · , uτ(m+n))
)
um+n+1
+(−1)mn
∑
τ∈S(m,n)
(−1)τρ(Q(uτ(1), · · · , uτ(m)))ρ(P(uτ(m+1), · · · , uτ(m+n)))um+n+1
=
∑
σ∈S(n,1,m−1)
(−1)σρ
(
Q(ρ(P(uσ(1), · · · , uσ(n)))uσ(n+1), uσ(n+2), · · · , uσ(m+n))
)
um+n+1
+
∑
σ∈S(n,m)
(−1)σρ(Q(uσ(n+1), · · · , uσ(n+m)))ρ(P(uσ(1), · · · , uσ(n)))um+n+1.
Therefore, we have
[Φ(P),Φ(Q)]C(u1, · · · , um+n+1)
=
∑
σ∈S(m,1,n−1)
(−1)σρ
(
P(ρ(Q(uσ(1), · · · , uσ(m)))uσ(m+1), uσ(m+2), · · · , uσ(m+n))
)
um+n+1
−(−1)mn
∑
σ∈S(n,1,m−1)
(−1)σρ
(
Q(ρ(P(uσ(1), · · · , uσ(n)))uσ(n+1), uσ(n+2), · · · , uσ(m+n))
)
um+n+1
+(−1)mn
∑
σ∈S(n,m)
(−1)σρ([P(uσ(1), · · · , uσ(n)),Q(uσ(n+1), · · · , uσ(m+n))])um+n+1
= Φ(~P,Q)(u1, · · · , um+n+1).
Thus Φ is a homomorphism of graded Lie algebras from (C∗(V, g), ~·, ·) to (C∗(V,V), [·, ·]C). 
Remark 2.9. As a direct consequence of the above proposition, the Maurer-Cartan elements in
the first graded Lie algebra are sent to those in the second graded Lie algebra. Thus by Proposi-
tion 2.3 and Remark 2.7, theO-operators on V are sent to pre-Lie algebra structures on V . Further
two O-operators on V are sent to the same pre-Lie algebra if and only if they are in the same fiber
of Φ. This gives a strengthened form of Theorem 2.6.
3. Cohomology of O-operators
In this section we give a cohomology theory for O-operators which will be used to control
infinitesimal and formal deformations of O-operators in the following sections. Thus, this coho-
mology can be viewed as an analogue of the Andre´-Quillen cohomology.
Let (V, ·V) be a pre-Lie algebra. The commutator [x, y]
c = x ·V y − y ·V x defines a Lie algebra
structure on V , which is called the sub-adjacent Lie algebra of (V, ·V) and denoted by V
c. See
[10] for more details. In particular, we denote by Vc := (V, [·, ·]T ) the sub-adjacent Lie algebra
of the pre-Lie algebra (V, ·T ) induced from an O-operator T on a Lie algebra g with respect to
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a representation (V; ρ) given in Theorem 2.6. Then T is a Lie algebra homomorphism from
(V, [·, ·]T ) to g.
Let T : V −→ g be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
We construct a representation of the sub-adjacent Lie algebra (V, [·, ·]T ) on the vector space g. We
will show that the corresponding Chevalley-Eilenberg cohomology will serve as the cohomology
for O-operators that we have been looking for.
Lemma 3.1. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
Define
(10) ̺ = ̺T : V −→ gl(g), ̺(u)(x) := [Tu, x] + Tρ(x)(u), ∀x ∈ g, u ∈ V.
Then ̺ is a representation of the sub-adjacent Lie algebra (V, [·, ·]T ) on the vector space g.
Proof. Since (V; ρ) is a representation of the Lie algebra g, by Eq. (3), we have
([̺(u),̺(v)] − ̺([u, v]T ))(x)
= ̺(u)([Tv, x] + Tρ(x)(v)) − ̺(v)([Tu, x] + Tρ(x)u) − [T [u, v]T , x] − Tρ(x)([u, v]T )
= [Tu, [Tv, x]] + Tρ([Tv, x])(u) + [Tu, Tρ(x)(v)] + Tρ(Tρ(x)(v))(u)
−[Tv, [Tu, x]] − Tρ([Tu, x])(v) − [Tv, Tρ(x)(u)] − Tρ(Tρ(x)(u))(v)
−[[Tu, Tv], x] − Tρ(x)ρ(Tu)(v) + Tρ(x)ρ(Tv)(u)
= Tρ([Tv, x])(u) + [Tu, Tρ(x)(v)] + Tρ(Tρ(x)(v))(u) − Tρ([Tu, x])(v)
−[Tv, Tρ(x)(u)] − Tρ(Tρ(x)(u))(v) − Tρ(x)ρ(Tu)(v) + Tρ(x)ρ(Tv)(u)
= T [ρ(Tu), ρ(x)](v) − Tρ([Tu, x])(v) + Tρ([Tv, x])(u) − T [ρ(Tv), ρ(x)](u)
= 0.
Therefore, ̺ is a representation. 
Remark 3.2. Here we provide an intrinsic interpretation of the above representation ̺ by means
of the deformed Lie bracket by a Nijenhuis operator. First recall that a Nijenhuis operator on a
Lie algebra (h, [·, ·]) is a linear map N : h −→ h satisfying
[Na,Nb] = N([Na, b] + [a,Nb] − N[a, b]), ∀a, b ∈ h.
Then (h, [·, ·]N) is a Lie algebra, where the bracket [·, ·]N is given by
[a, b]N = [Na, b] + [a,Nb] − N[a, b], ∀a, b ∈ h.
Now it is straightforward to see that if T : V −→ g is an O-operator on a Lie algebra g with
respect to a representation (V; ρ), then NT =
(
0 T
0 0
)
is a Nijenhuis operator on the semidirect
product Lie algebra g⋉ρ V . Therefore there is a Lie algebra structure on V ⊕ g  g⊕V defined by
[x + u, y + v]NT = [u, v]T + ̺(u)(y) − ̺(v)(x), ∀x, y ∈ g, u, v ∈ V,
which implies that ̺ is a representation of the sub-adjacent Lie algebra (V, [·, ·]T ) on the vector
space g.
Let d̺ : Hom(∧
kV, g) −→ Hom(∧k+1V, g) be the corresponding Chevalley-Eilenberg cobound-
ary operator. More precisely, for all f ∈ Hom(∧kV, g) and u1, · · · , uk+1 ∈ V , we have
d̺ f (u1, · · · , uk+1)
:=
k+1∑
i=1
(−1)i+1[Tui, f (u1, · · · , uˆi, · · · , uk+1)] +
k+1∑
i=1
(−1)i+1Tρ( f (u1, · · · , uˆi, · · · , uk+1))(ui)(11)
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+
∑
1≤i< j≤k+1
(−1)i+ j f (ρ(Tui)(u j) − ρ(Tu j)(ui), u1, · · · , uˆi, · · · , uˆ j, · · · , uk+1).
It is obvious that x ∈ g is closed if and only if
T ◦ ρ(x) = adx ◦ T,
and f ∈ C1(V, g) is closed if and only if
[Tu, f (v)] − [Tv, f (u)] − T (ρ( f (u))(v) − ρ( f (v))(u)) − f (ρ(Tu)(v) − ρ(Tv)(u)) = 0.
Comparing the coboundary operators d̺ given above and the operators dT = ~T, · introduced
in Theorem 2.4 from the Maurer-Cartan element T , we have
Proposition 3.3. Let T : V −→ g be an O-operator on a Lie algebra g with respect to a represen-
tation (V; ρ). Then we have
d̺ f = (−1)
kdT f , ∀ f ∈ Hom(∧
kV, g).
Proof. Indeed, for all u1, u2, · · · , uk+1 ∈ V and f ∈ Hom(∧
kV, g) , we have
(−1)k(dT f )(u1, u2, · · · , uk+1)
= (−1)k

T, f

(u1, u2, · · · , uk+1)
=
∑
σ∈S(k,1,0)
(−1)k(−1)σT (ρ( f (uσ(1), · · · , uσ(k)))uσ(k+1))
−
∑
σ∈S(1,1,k−1)
(−1)σ f (ρ(Tuσ(1))uσ(2), · · · , uσ(k+1)) +
∑
σ∈S(1,k)
(−1)σ[Tuσ(1), f (uσ(2), · · · , uσ(k+1))]
=
k+1∑
i=1
(−1)k(−1)k+1−iT (ρ( f (u1, · · · , uˆi, · · · , uk+1))ui)
−
∑
1≤i< j≤k+1
(−1)i−1+ j−2 f (ρ(Tui)u j, u1, · · · , uˆi, · · · , uˆ j, · · · , uk+1)
−
∑
1≤ j<i≤k+1
(−1) j−1+i−1 f (ρ(Tui)u j, u1, · · · , uˆ j, · · · , uˆi, · · · , uk+1)
+
k+1∑
i=1
(−1)i−1[Tui, f (u1, · · · , uˆi, · · · , uk+1)]
=
k+1∑
i=1
(−1)i+1T (ρ( f (u1, · · · , uˆi, · · · , uk+1))ui) +
k+1∑
i=1
(−1)i+1[Tui, f (u1, · · · , uˆi, · · · , uk+1)]
+
∑
1≤i< j≤k+1
(−1)i+ j f (ρ(Tui)(u j) − ρ(Tu j)(ui), u1, · · · , uˆi, · · · , uˆ j, · · · , uk+1)
= (d̺ f )(u1, u2, · · · , uk+1). 
Definition 3.4. Let T be an O-operator on a Lie algebra g with respect to a representation
(V; ρ). Denote by (C∗(V, g) = ⊕dim(V)
k=0
Ck(V, g), d̺) the above cochain complex. Denote the set
of k-cocycles byZk(V, g) and the set of k-coboundaries by Bk(V, g). Denote by
(12) Hk(V, g) = Zk(V, g)/Bk(V, g), k ≥ 0,
the k-th cohomology group, called the k-th cohomology group for the O-operator T .
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We will use these cohomology groups to characterize infinitesimal and formal deformations of
O-operators in later sections. See Theorems 4.7 and 5.15 in particular. For now, we relate these
cohomology groups to the cohomology groups of the pre-Lie algebra (V, ·T ) obtained from the
O-operator T by Theorem 2.6.
Definition 3.5. Let (V, ·V) be a pre-Lie algebra and W a vector space. A representation of V on
W is a triple (W, ρ, µ), where ρ : V −→ gl(W) is a representation of the sub-adjacent Lie algebra
Vc on W and µ : V −→ gl(W) is a linear map satisfying
ρ(x)µ(y)u − µ(y)ρ(x)u = µ(x ·V y)u − µ(y)µ(x)u, ∀ x, y ∈ V, u ∈ W.(13)
Define
L : V −→ gl(V), x 7→ Lx, Lxy = x ·V y; R : V −→ gl(V), x 7→ Rx, Rxy = y ·V x, ∀x, y ∈ V.
Then (V; L,R) is a representation of V , called the regular representation of V . Note that L also
gives a representation of the sub-adjacent Lie algebra Vc on V . See [10, 16] for more details.
The cohomology complex for a pre-Lie algebra (V, ·V) with a representation (W; ρ, µ) is given
as follows [16]. The set of n-cochains is given by Hom(∧n−1V ⊗ V,W), n ≥ 1. The coboundary
operator d : Hom(∧n−1V ⊗ V,W) −→ Hom(∧nV ⊗ V,W) is given by
(d f )(x1, · · · , xn+1) =
n∑
i=1
(−1)i+1ρ(xi) f (x1, · · · , xˆi, · · · , xn+1)
+
n∑
i=1
(−1)i+1µ(xn+1) f (x1, · · · , xˆi, · · · , xn, xi)(14)
−
n∑
i=1
(−1)i+1 f (x1, · · · , xˆi, · · · , xn, xi ·V xn+1)
+
∑
1≤i< j≤n
(−1)i+ j f ([xi, x j]
c, x1, · · · , xˆi, · · · , xˆ j, · · · , xn+1),
for all f ∈ Hom(∧n−1V ⊗ V,W), xi ∈ V, i = 1, · · · , n + 1. We use d
reg to denote the coboundary
operator associated to the regular representation and we obtain the cochain complex
C∗(V,V) := ⊕dim(V)+1
n=1
Hom(∧n−1V ⊗ V,V).
We denote the corresponding n-th cohomology group byHnreg(V,V) andHreg(V,V) := ⊕nH
n
reg(V,V).
Theorem 3.6. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
Then Φ, defined in Eq. (9), is a homomorphism of cochain complexes from (C∗(V, g), d̺) to
(C∗(V,V), dreg), that is, dregΦ = Φd̺. Consequently,Φ induces a homomorphismΦ∗ : H
k(V, g) −→
Hk+1reg (V,V) between the corresponding cohomology groups.
Proof. Indeed, for all u1, u2, · · · , uk+2 ∈ V and f ∈ Hom(∧
kV, g) , we have
(dregΦ( f ))(u1, u2, · · · , uk+2)
=
k+1∑
i=1
(−1)i+1ui ·T Φ( f )(u1, · · · , uˆi, · · · , uk+1, uk+2)
+
k+1∑
i=1
(−1)i+1Φ( f )(u1, · · · , uˆi, · · · , uk+1, ui) ·T uk+2
−
k+1∑
i=1
(−1)i+1Φ( f )(u1, · · · , uˆi, · · · , uk+1, ui ·T uk+2)
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+
∑
1≤i< j≤k+1
(−1)i+ jΦ( f )([ui, u j]
c, u1, · · · , uˆi, · · · , uˆ j, · · · , uk+1, uk+2)
=
k+1∑
i=1
(−1)i+1ρ(Tui)
(
ρ( f (u1, · · · , uˆi, · · · , uk+1))(uk+2)
)
+
k+1∑
i=1
(−1)i+1ρ(Tρ( f (u1, · · · , uˆi, · · · , uk+1))(ui))(uk+2)
−
k+1∑
i=1
(−1)i+1ρ( f (u1, · · · , uˆi, · · · , uk+1))(ρ(Tui)(uk+2))
+
∑
1≤i< j≤k+1
(−1)i+ jρ( f ([ui, u j]
c, u1, · · · , uˆi, · · · , uˆ j, · · · , uk+1))(uk+2)
=
k+1∑
i=1
(−1)i+1ρ([Tui, f (u1, · · · , uˆi, · · · , uk+1)])(uk+2)
+
k+1∑
i=1
(−1)i+1ρ(Tρ( f (u1, · · · , uˆi, · · · , uk+1))(ui))(uk+2)
+
∑
1≤i< j≤k+1
(−1)i+ jρ( f ([ui, u j]
c, u1, · · · , uˆi, · · · , uˆ j, · · · , uk+1))(uk+2)
= Φ(d̺ f )(u1, u2, · · · , uk+2). 
Remark 3.7. If ρ is faithful, then Φ is injective, realizing the complex (C∗(V, g), d̺) as a subcom-
plex of (C∗(V,V), dreg).
4. Infinitesimal deformations of an O-operator
In this section, we study infinitesimal deformations of an O-operator using the cohomology
theory given in the previous section. In particular, we introduce the notion of a Nijenhuis ele-
ment associated to an O-operator, which gives rise to a trivial infinitesimal deformation of the
O-operator. Their relationship with the infinitesimal deformations of the associated pre-Lie alge-
bra is also studied.
By Remark 2.9, there is a close relationship between the set of O-operators and the set of
pre-Lie algebras as Maurer-Cartan elements in the respective graded Lie algebras. Hence it is
natural to consider the relationships between two O-operators in terms of the ones between the
corresponding pre-Lie algebras. On the other hand, the classification of pre-Lie algebras in the
sense of isomorphism is interpreted as the classification of bijective 1-cocycles in the sense of
equivalence ([1]) or the classification of e´tale affine representations in the sense of equivalence
([7]). Motivated by these two types of equivalences, we give
Definition 4.1. Let T and T ′ be O-operators on a Lie algebra g with respect to a representation
(V; ρ). A homomorphism from T ′ to T consists of a Lie algebra homomorphism φg : g −→ g
and a linear map φV : V −→ V such that
T ◦ φV = φg ◦ T
′,(15)
φVρ(x)(u) = ρ(φg(x))(φV (u)), ∀x ∈ g, u ∈ V.(16)
In particular, if both φg and φV are invertible, (φg, φV) is called an isomorphism from T
′ to T .
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We refer the reader to [13] for a weaker version of isomorphism up to a scalar.
Proposition 4.2. Let T and T ′ be two O-operators on a Lie algebra g with respect to a represen-
tation (V; ρ) and (φg, φV) a homomorphism (resp. an isomorphism) from T
′ to T . Then φV is a
homomorphism (resp. an isomorphism) of pre-Lie algebras from (V, ·T ′) to (V, ·T ).
Proof. This is because, for all u, v ∈ V , we have
φV(u ·T ′ v) = φVρ(T
′u)(v) = ρ(φg(T
′u))(φV(v)) = ρ(T (φV(u)))(φV(v)) = φV(u) ·T φV(v). 
Definition 4.3. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ)
and T : V −→ g a linear map. If Tt = T +tT is still an O-operator on the Lie algebra gwith respect
to the representation (V; ρ) for all t, we say that T generates a one-parameter infinitesimal
deformation of the O-operator T .
It is direct to check that Tt = T + tT is a one-parameter infinitesimal deformation of an O-
operator T if and only if for any u, v ∈ V ,
[Tu,Tv] + [Tu, Tv] = T (ρ(Tu)(v) − ρ(Tv)(u)) + T(ρ(Tu)(v) − ρ(Tv)(u)),(17)
[Tu,Tv] = T(ρ(Tu)(v) − ρ(Tv)(u)).(18)
Note that Eq. (17) means that T is a 1-cocycle of the sub-adjacent Lie algebra (V, [·, ·]T ) with
coefficients in g and Eq. (18) means that T is an O-operator on the Lie algebra g associated to the
representation (V; ρ).
Now turning to a pre-Lie algebra (V, ·V), let ω : ⊗
2V −→ V be a linear map. If for any t ∈ K,
the multiplication ·t defined by
u ·t v := u ·V v + tω(u, v), ∀u, v ∈ V,
also gives a pre-Lie algebra structure, we say that ω generates a one-parameter infinitesimal
deformation of the pre-Lie algebra (V, ·V).
The two types of infinitesimal deformations are related as follows.
Proposition 4.4. If T generates a one-parameter infinitesimal deformation of an O-operator T
on a Lie algebra g with respect to a representation (V; ρ), then the product ωT on V defined by
ωT(u, v) := ρ(Tu)(v), ∀u, v ∈ V,
generates a one-parameter infinitesimal deformation of the associated pre-Lie algebra (V, ·T ).
Proof. Denote by ·t the corresponding pre-Lie algebra structure associated to the O-operator T +
tT. Then we have
u ·t v = ρ((T + tT)(u))(v) = ρ(Tu)(v) + tρ(Tu)(v) = u ·T v + tωT(u, v),∀u, v ∈ V,
which implies that ωT generates a one-parameter infinitesimal deformation of (V, ·T ). 
Corollary 4.5. If T generates a one-parameter infinitesimal deformation of an O-operator T on
a Lie algebra g with respect to a representation (V; ρ), then the product̟T on V defined by
̟T(u, v) := ρ(Tu)(v) − ρ(Tv)(u), ∀u, v ∈ V,
generates a one-parameter infinitesimal deformation of the sub-adjacent Lie algebra (V, [·, ·]T ) of
the associated pre-Lie algebra (V, ·T ).
Definition 4.6. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
Two one-parameter infinitesimal deformations T 1t = T + tT1 and T
2
t = T + tT2 are said to be
equivalent if there exists an x ∈ g such that (Idg + tadx, IdV + tρ(x)) is a homomorphism from T
2
t
to T 1t . In particular, a one-parameter infinitesimal deformation Tt = T + tT of an O-operator T
is said to be trivial if there exists an x ∈ g such that (Idg + tadx, IdV + tρ(x)) is a homomorphism
from Tt to T .
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Let (Idg+ tadx, IdV + tρ(x)) be a homomorphism from T
2
t to T
1
t . Then Idg + tadx is a Lie algebra
endomorphism of g. Thus, we have
(Idg + tadx)[y, z] = [(Idg + tadx)(y), (Idg + tadx)(z)], ∀y, z ∈ g,
which implies that x satisfies
(19) [[x, y], [x, z]] = 0, ∀y, z ∈ g.
Then by Eq. (15), we get
(T + tT1)(IdV + tρ(x))(u) = (Idg + tadx)(T + tT2)(u), ∀u ∈ V,
which implies
(T2 − T1)(u) = Tρ(x)(u) + [Tu, x],(20)
T1ρ(x)(u) = [x,T2u], ∀u ∈ V.(21)
Finally, Eq. (16) gives
(IdV + tρ(x))ρ(y)(u) = ρ((Idg + tadx)(y))(IdV + tρ(x))(u), ∀y ∈ g, u ∈ V,
which implies that x satisfies
(22) ρ([x, y])ρ(x) = 0, ∀y ∈ g.
Note that Eq. (20) means that T2 − T1 = d̺x for ̺ defined in Lemma 3.1. Thus, we have
Theorem 4.7. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
If two one-parameter infinitesimal deformations T 1t = T + tT1 and T
2
t = T + tT2 are equivalent,
then T1 and T2 are in the same cohomology class of H
1(V, g) = Z1(V, g)/B1(V, g) defined in
Definition 3.4.
Definition 4.8. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
An element x ∈ g is called a Nijenhuis element associated to T if x satisfies Eqs. (19), (22) and
the equation
[x, [Tu, x] + Tρ(x)(u)] = 0, ∀u ∈ V.(23)
Denote by Nij(T ) the set of Nijenhuis elements associated to an O-operator T .
By Eqs. (19)-(22), it is obvious that a trivial one-parameter infinitesimal deformation gives rise
to a Nijenhuis element. The following result is in close analogue to the fact that the differential of
a Nijenhuis operator on a Lie algebra generates a trivial one-parameter infinitesimal deformation
of the Lie algebra [15], justifying the notion of Nijenhuis elements.
Theorem 4.9. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
Then for any x ∈ Nij(T ), Tt := T + tT with T := d̺x is a trivial one-parameter infinitesimal
deformation of the O-operator T .
Proof. First T is closed since T = d̺x. To show that T = d̺x generates a trivial one-parameter
infinitesimal deformation of the O-operator T , we only need to verify that Eq. (18) holds. By
Eq. (19), we have, for any u, v ∈ V ,
[Tu,Tv] − T(ρ(Tu)(v) − ρ(Tv)(u))
= [[Tu, x], [Tv, x]] + [[Tu, x], Tρ(x)(v)] + [Tρ(x)(u), [Tv, x]] + [Tρ(x)(u), Tρ(x)(v)]
−[Tρ([Tu, x])(v), x] − [Tρ(Tρ(x)(u))(v), x] + [Tρ([Tv, x])(u), x] + [Tρ(Tρ(x)(v))(u), x]
−Tρ(x)ρ([Tu, x])(v) − Tρ(x)ρ(Tρ(x)(u))(v) + Tρ(x)ρ([Tv, x])(u) + Tρ(x)ρ(Tρ(x)(v))(u)
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= [[Tu, x], Tρ(x)(v)] + [Tρ(x)(u), [Tv, x]] + Tρ(Tρ(x)(u))ρ(x)(v)−Tρ(Tρ(x)(v))ρ(x)(u)︸                      ︷︷                      ︸
−[Tρ([Tu, x])(v), x] − [Tρ(Tρ(x)(u))(v), x] + [Tρ([Tv, x])(u), x] + [Tρ(Tρ(x)(v))(u), x]
−Tρ(x)ρ([Tu, x])(v) − Tρ(x)ρ(Tρ(x)(u))(v)+Tρ(x)ρ([Tv, x])(u) + Tρ(x)ρ(Tρ(x)(v))(u)︸                                                   ︷︷                                                   ︸ .
By Eqs. (22) and (23), the under-braced terms add to zero. Similarly, the underlined terms add to
zero. For the other terms, by Eqs. (19) and (23), we have
[[Tu, x], Tρ(x)(v)] − [Tρ([Tu, x])(v), x] + [Tρ(Tρ(x)(v))(u), x]
= [Tu, [x, Tρ(x)(v)]] + [[Tu, Tρ(x)(v)], x] − [Tρ([Tu, x])(v), x] + [Tρ(Tρ(x)(v))(u), x]
= −[Tu, [x, [Tv, x]]] + [Tρ(Tu)ρ(x)(v), x] − [Tρ([Tu, x])(v), x]
= −[x, [Tu, [Tv, x]]] + [Tρ(x)ρ(Tu)(v), x]
= −[x, [Tu, [Tv, x]]] + [x, [Tρ(Tu)(v), x]].
Similarly, we have
[Tρ(x)(u), [Tv, x]] − [Tρ(Tρ(x)(u))(v), x] + [Tρ([Tv, x])(u), x]
= [x, [Tv, [Tu, x]]] − [x, [Tρ(Tv)(u), x]].
Therefore,
[Tu,Tv] − T(ρ(Tu)(v) − ρ(Tv)(u))
= −[x, [Tu, [Tv, x]]] + [x, [Tv, [Tu, x]]] + [x, [Tρ(Tu)(v), x]] − [x, [Tρ(Tv)(u), x]]
= −[x, [[Tu, Tv], x]] + [x, [[Tu, Tv], x]] = 0,
which means that T := d̺x generates a one-parameter infinitesimal deformation of T .
Further, since x is a Nijenhuis element, it is straightforward to deduce that (Idg+tadx, IdV+tρ(x))
gives the desired homomorphism between Tt and T . Thus, the deformation is trivial. 
Now we recall the notion of a Nijenhuis operator on a pre-Lie algebra given in [43], which
gives rise to a trivial one-parameter infinitesimal deformation of a pre-Lie algebra.
Definition 4.10. A linear map N : V −→ V on a pre-Lie algebra (V, ·V) is called a Nijenhuis
operator if
(24) (Nu) ·V (Nv) = N((Nu) ·V v + u ·V (Nv) − N(u ·V v)), ∀u, v ∈ V.
For its connection with a Nijenhuis element associated to an O-operator, we have
Proposition 4.11. Let x ∈ g be a Nijenhuis element associated to an O-operator T on a Lie alge-
bra g with respect to a representation (V; ρ). Then ρ(x) is a Nijenhuis operator on the associated
pre-Lie algebra (V, ·T ).
Proof. For the proof, we just need to check, by Eq. (22), for all u, v ∈ V ,
ρ(x)(ρ(x)(u) ·T v + u ·T ρ(x)(v) − ρ(x)(u ·T v)) − ρ(x)(u) ·T ρ(x)(v)
= ρ(x)
(
ρ(Tρ(x)(u))(v) + ρ(Tu)ρ(x)(v) − ρ(x)ρ(Tu)(v)
)
− ρ(Tρ(x)(u))ρ(x)(v)
= [ρ(x), ρ(Tρ(x)(u))] + [ρ(x), ρ([Tu, x])](v)
= ρ([x, Tρ(x)(u) + [Tu, x]])(v) = 0. 
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5. Formal deformations of an O-operator
In this section, first we study one-parameter formal deformations of an O-operator and consider
the rigidity of the O-operator. Then we study order n deformations of an O-operator. We show
that the obstruction of an order n deformation being extendable is given by a class in the second
cohomology group.
Let K[[t]] be the ring of power series in one variable t, taking as the inverse limit of the system
(K[t]/(tn), πn+1,n), where πn+1,n : K[t]/(t
n+1) → K[t]/(tn) is the natural quotient map. For any K-
linear space V , we let V[[t]] denote the inverse limit of the system (V ⊗ (K[t]/(tn)), IdV ⊗ πn+1,n),
formally regarded as power series in t with coefficients in V .
If in addition, g is a Lie algebra over K, then g[[t]] is a Lie algebra over K by
(25)
[∑
i≥0
ait
i,
∑
j≥0
bit
j
]
:=
∑
k≥0
∑
i+ j=k
[ai, b j]t
k, ∀ai, b j ∈ g.
For any representation (V; ρ) of g, there is a natural action of g[[t]] on V[[t]] induced by ρ in an
obvious way which is still denoted by ρ. In fact, since ρ : g → HomK(V,V) is K-linear, it can be
extended to be a K[[t]]-module map from g[[t]] to HomK[[t]](V[[t]],V[[t]]).
Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ). Consider a
t-parameterized family of linear operations
Tt =
∑
i≥0
τit
i, τi ∈ HomK(V, g),(26)
that is, Tt ∈ HomK(V, g)[[t]] ⊂ HomK(V, g[[t]]). Extend it to be a K[[t]]-module map from V[[t]]
to g[[t]] which is still denoted by Tt.
Definition 5.1. If Tt =
∑
i≥0 τit
i with τ0 = T satisfies
[Tt(u), Tt(v)] = Tt
(
ρ(Tt(u))(v) − ρ(Tt(v))(u)
)
, ∀u, v ∈ V,(27)
we say that Tt is a one-parameter formal deformation of the O-operator T.
Remark 5.2. The left hand side of Eq. (27) holds in the Lie algebra g[[t]], whereas the right hand
side makes sense since Tt is a K[[t]]-module map.
Recall [9] that a one-parameter formal deformation of a pre-Lie algebra (A, ·) is a power series
ft =
∑∞
i=0 αit
i such that α0(a, b) = a · b for any a, b ∈ A and ft defines a pre-Lie algebra structure
on A[[t]].
Building on the relationship between O-operators and pre-Lie algebras, we have
Proposition 5.3. If Tt =
∑
i≥0 τit
i is a one-parameter formal deformation of an O-operator T on
a Lie algebra g with respect to a representation (V; ρ), then ·Tt defined by
u ·Tt v =
∑
i≥0
ρ(τiu)(v)t
i, ∀u, v ∈ V,
is a one-parameter formal deformation of the associated pre-Lie algebra (V, ·T ).
Applying Eq. (26) to expand Eq. (27) and collecting coefficients of tn, we see that Eq. (27) is
equivalent to the system of equations∑
i+ j=k
i, j≥0
(
[τi(u), τ j(v)] − τi(ρ(τ j(u))(v) − ρ(τ j(v))(u))
)
= 0, ∀k ≥ 0, u, v ∈ V.(28)
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Proposition 5.4. Let Tt =
∑
i≥0 τit
i be a one-parameter formal deformation of anO-operator T on
a Lie algebra g with respect to a representation (V; ρ). Then τ1 is a 1-cocycle on the Lie algebra
Vc = (V, [ , ]T ) with coefficients in g, that is, d̺τ1 = 0.
Proof. For k = 1, Eq. (28) is equivalent to
[Tu, τ1(v)] − [Tv, τ1(u)] − T (ρ(τ1(u))(v) − ρ(τ1(v))(u)) − τ1(ρ(Tu)(v) − ρ(Tv)(u)) = 0, ∀u, v ∈ V.
Thus, τ1 is a 1-cocycle. 
Definition 5.5. Let T be an O-operator on a Lie algebra g with respect to a representation (V; ρ).
The 1-cocycle τ1 in Proposition 5.4 is called the infinitesimal of the one-parameter formal defor-
mation Tt =
∑
i≥0 τit
i of T .
Definition 5.6. Two formal deformations T t =
∑
i≥0 τ¯it
i and Tt =
∑
i≥0 τit
i of an O-operator
T = τ¯0 = τ0 on a Lie algebra g with respect to a representation (V; ρ) are said to be equivalent if
there exist x ∈ g, φi ∈ gl(g) and ϕi ∈ gl(V), i ≥ 2, such that for
(29) φt := Idg + tadx +
∑
i≥2
φit
i, ϕt := IdV + tρ(x) +
∑
i≥2
ϕit
i,
the following conditions hold:
(i) [φt(x), φt(y)] = φt[x, y] for all x, y ∈ g;
(ii) Tt ◦ ϕt = φt ◦ T t as K[[t]]-module maps;
(iii) ϕtρ(x)u = ρ(φt(x))ϕt(u) for all x ∈ g, u ∈ V .
In particular, a formal deformation Tt of an O-operator T is said to be trivial if there exists an
x ∈ g, φi ∈ gl(g) and ϕi ∈ gl(V), i ≥ 2, such that (φt, ϕt) defined by Eq. (29) gives an equivalence
between Tt and T , with the latter regarded as a deformation of itself.
Theorem 5.7. If two one-parameter formal deformations of an O-operator on a Lie algebra g
with respect to a representation (V; ρ) are equivalent, then their infinitesimals are in the same
cohomology class.
Proof. Let (φt, ϕt) be the two maps defined by Eq. (29) which gives an equivalence between two
deformations T t =
∑
i≥0 τit
i and Tt =
∑
i≥0 τit
i of an O-operator T . By φt ◦ T t = Tt ◦ ϕt, we have
τ¯1(v) = τ1(v) + Tρ(x)(v) − [x, Tv] = τ1(v) + (d̺x)(v), ∀v ∈ V,
which implies that τ¯1 and τ1 are in the same cohomology class. 
Definition 5.8. AnO-operator T is rigid if all one-parameter formal deformations of T are trivial.
As a cohomological condition of the rigidity, we have the following result which suggests that
the rigidity of an O-operator is a very strong condition.
Proposition 5.9. Let T : V → g be an O-operator on a Lie algebra g with respect to a represen-
tation (V; ρ). IfZ1(V, g) = d̺(Nij(T )), then T is rigid.
Proof. Let Tt =
∑
i≥0 τit
i be a one-parameter formal deformation of the O-operator T . Then
Proposition 5.4 gives τ1 ∈ Z
1(V, g). By the assumption, τ1 = −d̺x for some x ∈ Nij(T ). Then
setting φt = Idg + tadx and ϕt = IdV + tρ(x), we get a formal deformation T t := φ
−1
t ◦Tt ◦ϕt. Thus,
T t is equivalent to Tt. Moreover, we have
T t(v) = (Id − adxt + ad
2
xt
2 + · · · + (−1)iadixt
i + · · · )(Tt(v + ρ(x)(v)t))
= T (v) + (τ1(v) + Tρ(x)(v) − [x, Tv])t + τ¯2(v)t
2 + · · ·
= T (v) + τ¯2(v)t
2 + · · · .
Repeating this procedure, we find that Tt is equivalent to T . 
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We next study the obstruction of a deformation of order n from being extendable.
Definition 5.10. Let T : V −→ g be an O-operator on a Lie algebra g with respect to a representa-
tion (V; ρ). If Tt =
∑n
i=0 τit
i with τ0 = T , τi : V → g, i = 2, · · · , n, defines a K[[t]]/(t
n+1)-module
map from V[[t]]/(tn+1) to the Lie algebra g[[t]]/(tn+1) satisfying
[Tt(u), Tt(v)] = Tt
(
ρ(Tt(u))(v) − ρ(Tt(v))(u)
)
, ∀u, v ∈ V,(30)
we say that Tt is an order n deformation of the O-operator T .
Remark 5.11. Obviously, the left hand side of Eq. (30) holds in the Lie algebra g[[t]]/(tn+1) and
the right hand side makes sense since Tt is a K[[t]]/(t
n+1)-module map.
Definition 5.12. Let Tt =
∑n
i=0 τit
i be an order n deformation of an O-operator T on a Lie algebra
g with respect to a representation (V; ρ). If there exists a 1-cochain τn+1 ∈ C
1(V, g) such that
T˜t = Tt + τn+1t
n+1 is an order n + 1 deformation of the O-operator T , then we say that Tt is
extendable.
Proposition 5.13. Let Tt =
∑n
i=0 τit
i be an order n deformation of an O-operator T on a Lie
algebra g with respect to a representation (V; ρ). Define Ob2
T
∈ C2(V, g) by
Ob
2
T
(u, v) :=
∑
i+ j=n+1
i, j≥1
(
[τi(u), τ j(v)] − τi(ρ(τ j(u))(v) − ρ(τ j(v))(u))
)
, ∀u, v ∈ V.(31)
Then the 2-cochain Ob2
T
is a 2-cocycle, that is, d̺Ob
2
T
= 0.
Proof. By the bracket in Eq. (5), we have Ob2
T
= −1
2
∑
i+ j=n+1
i, j≥1

τi, τ j

. Since Tt is an order n defor-
mation of the O-operator T , for all 0 ≤ i ≤ n, we have∑
k+l=i
k,l≥0
(
[τk(u), τl(v)] − τk(ρ(τl(u))(v) − ρ(τl(v))(u))
)
= 0, ∀u, v ∈ V,(32)
which is equivalent to
−
1
2
∑
k+l=i
k,l≥1
~τk, τl = ~T, τi .(33)
Then we have
d̺Ob
2
T
= (−1)2

T,Ob2
T

= −
1
2
∑
i+ j=n+1
i, j≥1

T,

τi, τ j

= −
1
2
∑
i+ j=n+1
i, j≥1
( 
~T, τi , τ j

−

τi,

T, τ j
 )
(33)
=
1
4
∑
i′+i′′+ j=n+1
i′,i′′ , j≥1

~τi′ , τi′′ , τ j

−
1
4
∑
i+ j′+ j′′=n+1
i, j′ , j′′≥1

τi,

τ j′ , τ j′′

=
1
2
∑
i′+i′′+ j=n+1
i′,i′′ , j≥1

~τi′ , τi′′ , τ j

= 0. 
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Definition 5.14. Let Tt =
∑n
i=0 τit
i be an order n deformation of an O-operator T on a Lie algebra
g with respect to a representation (V; ρ). The cohomology class [Ob2
T
] ∈ H2(V, g) is called the
obstruction class of Tt being extendable.
Theorem 5.15. Let Tt =
∑n
i=0 τit
i be an order n deformation of an O-operator T on a Lie algebra
g with respect to a representation (V; ρ). Then Tt is extendable if and only if the obstruction class
[Ob2
T
] is trivial.
Proof. Suppose that an order n deformation Tt of the O-operator T extends to an order n + 1
deformation. Then Eq. (33) holds for i = n + 1. Thus, we have Ob2
T
= −d̺τn+1, which implies
that the obstruction class [Ob2
T
] is trivial.
Conversely, if the obstruction class [Ob2
T
] is trivial, suppose that Ob2
T
= −d̺τn+1 for some 1-
cochain τn+1 ∈ C
1(V, g). Set T˜t := Tt + τn+1t
n+1. Then T˜t satisfies Eq. (32) for 0 ≤ i ≤ n + 1. So T˜t
is an order n + 1 deformation, which means that Tt is extendable. 
Corollary 5.16. Let T be anO-operator on a Lie algebra g with respect to a representation (V; ρ).
IfH2(V, g) = 0, then every 1-cocycle inZ1(V, g) is the infinitesimal of some one-parameter formal
deformation of the O-operator T .
6. Deformations of Rota-Baxter operators of weight 0
In this section we consider Rota-Baxter operators of weight 0 whose definition is recalled in
Definition 1.1. They form an important case of O-operators, for the adjoint representation
ad : g −→ gl(g), x 7→ adx = [x, ·], ∀x ∈ g.
The deformation theory in the previous sections specializes to a deformation theory of Rota-
Baxter operators of weight 0. We will provide some applications without repeating all the details.
A Lie algebra gwith a Rota-Baxter operator R of weight 0 is called aRota-Baxter Lie algebra.
The associated pre-Lie algebra structure on g is given by x ·R y := [Rx, y] for all x, y ∈ g, and its
sub-adjacent Lie algebra structure is given by [x, y]R := [Rx, y] + [x,Ry] for all x, y ∈ g.
As a consequence of Proposition 2.3 and Theorem 2.4, we have
Corollary 6.1. Let g be a Lie algebra.
(1) C∗(g, g) := (⊕dim(g)
k=0
Hom(∧kg, g), ~·, ·) is a graded Lie algebra, where the graded Lie
bracket ~·, · is given by Eq. (5).
(2) R ∈ gl(g) is a Rota-Baxter operator of weight 0 if and only if R is a Maurer-Cartan element
of C∗(g, g).
(3) A Rota-Baxter operator R of weight 0 on g gives rise to a differential dR on C
∗(g, g) by
dR := ~R, · . Further a linear map R
′ : g −→ g, R + R′ is a Rota-Baxter operator
of weight 0 if and only if R′ is a Maurer-Cartan element of the differential graded Lie
algebra (C∗(g, g), ~·, · , dR).
By Lemma 3.1, we obtain
Corollary 6.2. Let R be a Rota-Baxter operator of weight 0 on a Lie algebra g. Then
(34) ̺ : g −→ gl(g), ̺(x) := adR(x) − R ◦ adx, ∀x ∈ g,
is a representation of the sub-adjacent Lie algebra (g, [·, ·]R).
Remark 6.3. For the sub-adjacent Lie algebra (g, [·, ·]R), there are already two representations on
itself. The first one is the adjoint representation ρ1 given by
ρ1(x)(y) := [x, y]R = [Rx, y] + [x,Ry] = (adRx + adx ◦ R)(y), ∀x, y ∈ g.
20 RONG TANG, CHENGMING BAI, LI GUO, AND YUNHE SHENG
The second one comes from the left multiplication of the pre-Lie algebra structure:
ρ2(x)y := x ·R y = [Rx, y] = adRxy, ∀x, y ∈ g.
The representation ̺ in Corollary 6.2 is apparently different from the above two representations.
As a special case of Definition 3.4, we give
Definition 6.4. Let R be a Rota-Baxter operator of weight zero on a Lie algebra g. Then the
cohomology of the cochain complex (⊕kC
k(g, g), d̺), where the Chevalley-Eilenberg coboundary
operator d̺ : C
k(g, g) −→ Ck+1(g, g) is given by Eq. (11), is called the cohomology of the Rota-
Baxter operator R.
This cohomology can be used to control infinitesimal, formal and order n deformations of
Rota-Baxter operators of weight 0. We only give some details on infinitesimal deformations.
Definition 6.5. Let R be a Rota-Baxter operator of weight 0 on a Lie algebra g.
(i) Let R : g −→ g be a linear operator. If for all t ∈ K, Rt := R+ tR is a Rota-Baxter operator
of weight 0 on g, we say that R generates a one-parameter infinitesimal deformation of
R.
(ii) Let R1t := R + tR1 and R
2
t := R + tR2 be two one-parameter infinitesimal deformations of
R generated by R1 and R2 respectively. They are said to be equivalent if there exists an
x ∈ g such that (Idg + tadx, Idg + tadx) is a homomorphism from R
2
t to R
1
t . In particular,
a deformation Rt = R + tR of R is said to be trivial if there exists an x ∈ g such that
(Idg + tadx, Idg + tadx) is a homomorphism from Rt to R.
Proposition 6.6. Let R be a Rota-Baxter operator of weight 0 on a Lie algebra g. If R generates
a one-parameter infinitesimal deformation of R, then R is a 1-cocycle. Moreover, if two one-
parameter infinitesimal deformations of R generated by R1 and R2 are equivalent, then R1 and
R2 are in the same cohomological class.
Definition 6.7. An element x in a Rota-Baxter Lie algebra (g,R) is called a Nijenhuis element if
[x, [Ry, x] + R[x, y]] = 0, ∀y ∈ g,(35)
[[x, y], [x, z]] = 0, ∀y, z ∈ g.(36)
Proposition 6.8. Let R be a Rota-Baxter operator of weight 0 on a Lie algebra g. If R generates
a trivial one-parameter infinitesimal deformation of R, i.e. there exists an x ∈ g such that (Idg +
tadx, Idg + tadx) is a homomorphism from Rt = R + tR to R, then x is a Nijenhuis element.
Conversely, for any Nijenhuis element x ∈ g, Rt := R+tR with R := d̺x is a trivial infinitesimal
deformation of R.
We next give some examples of Rota-Baxter operators of weight 0 on low-dimensional Lie
algebras where the Nijenhuis elements can be explicitly determined.
Example 6.9. Consider the unique 2-dimensional non-abelian Lie algebra on C2. The Lie bracket
is given by [e1, e2] = e1 for for a given basis {e1, e2}. For a matrix
(
a11 a12
a21 a22
)
, define
Re1 = a11e1 + a21e2, Re2 = a12e1 + a22e2.
Then R is a Rota-Baxter operator of weight 0 if and only if
[Re1,Re2] = R([Re1, e2] + [e1,Re2]).
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By a straightforward computation, we conclude that R is a Rota-Baxter operator of weight zero if
and only if
(a11 + a22)a21 = 0, a11a22 − a12a21 = (a11 + a22)a11.
So we have the following two cases to consider.
(i) If a21 = 0, then we deduce that a11 = 0 and any R =
(
0 a12
0 a22
)
is a Rota-Baxter operator of
weight zero. In this case, x = t1e1 + t2e2 is a Nijenhuis element if and only if
t2(a12t2 − a22t1) = 0.
Then for any t1 ∈ C, t1e1 is a Nijenhuis element for the Rota-Baxter Lie algebra
(
C
2, [·, ·],
(
0 a12
0 a22
) )
.
(ii) If a11 + a22 = 0, then a11a22 = a12a21. In this case, x = t1e1 + t2e2 is a Nijenhuis element if and
only if
t21a21 − t
2
2a12 − t1t2(a11 − a22) = 0.
In particular, e1 + e2 is a Nijenhuis element for the Rota-Baxter Lie algebra
(
C
2, [·, ·],
(
1 −1
1 −1
) )
.
Example 6.10. The Heisenberg algebra H3(C) is the three-dimensional complex Lie algebra
with basis elements e1, e2 and e3 and with Lie brackets
[e1, e2] = e3, [e1, e3] = 0, [e2, e3] = 0.
Consider a linear operator R defined by

r11 r12 r13
r21 r22 r23
r31 r32 r33
 with respect to the basis {e1, e2, e3}. It is
straightforward to check that R is a Rota-Baxter operator of weight 0 if and only if
r13 = r23 = 0, (r11 + r22)r33 = r11r22 − r21r12.
Now let R be a Rota-Baxter operator of weight 0. For all x, y, z ∈ H3(C), by the fact that
[H3(C),H3(C)] ⊂ Ce3, Eq. (36) holds automatically. Then by r13 = r23 = 0, we deduce that
[Ry, x] + R[x, y] ∈ Ce3 for any x, y ∈ H3(C), which implies that Eq. (35) holds. Thus, for
any Rota-Baxter operator R, the set of Nijenhuis elements of (H3(C), [·, ·],R) is the whole space
H3(C).
Furthermore, any Nijenhuis element x = t1e1 + t2e2 + t3e3 ∈ H3(C), t1, t2, t3 ∈ C, gives rise to a
trivial deformation of the Rota-Baxter operator. Its generator T is given by
T = d̺x =

0 0 0
0 0 0
(r11 − r33)t2 − r21t1 (r33 − r22)t1 + r12t2 0
 .
7. Deformations of skew-symmetric r-matrices and triangular Lie bialgebras
As to be recalled below, a skew-symmetric r-matrix corresponds to an O-operator on a Lie
algebra with respect to the coadjoint representation. This suggests to define deformations of
skew-symmetric r-matrices from their corresponding O-operators. As it turns out, there is a natu-
ral way to define such deformations directly and these two approaches are mostly consistent, yet
new information can be obtained by the comparison. We also obtain deformations of triangular
Lie bialgebras from their connection with skew-symmetric r-matrices.
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7.1. Maurer-Cartan elements and deformations of skew-symmetric r-matrices. Recall that
the Lie bracket [·, ·] in a Lie algebra g naturally extends to a graded Lie bracket (known as the
Gerstenhaber bracket) on ∧•g = ⊕k ∧
k+1 g, for which we use the same notation [·, ·]. More
precisely, we have
[x1 ∧ · · · ∧ xp, y1 ∧ · · · ∧ yq] = (−1)
i+ j[xi, y j] ∧ x1 ∧ · · · xˆi · · · ∧ xp ∧ y1 ∧ · · · yˆ j · · · ∧ yq,
for all x1, · · · , xp, y1, · · · , yq ∈ g. As already given in Definition 1.1 (ii), an element r ∈ ∧
2g is
called a skew-symmetric r-matrix if it satisfies the classical Yang-Baxter equation:
(37) [r, r] = 0.
Thus we have the tautological statement that the Maurer-Cartan elements of this graded Lie alge-
bra are simply the skew-symmetric r-matrices. Further by Proposition 2.2, we have
Theorem 7.1. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix.
(1) The triple (⊕k ∧
k+1 g, [·, ·], dr) is a differential graded Lie algebra, in which elements in
∧k+1g are of degree k and dr : ∧
kg −→ ∧k+1g is defined by dr = [r, ·].
(2) Let r′ ∈ ∧2g. Then r + r′ is still a skew-symmetric r-matrix if and only if r′ is a Maurer-
Cartan element of the differential graded Lie algebra (⊕k ∧
k+1 g, [·, ·], dr).
An element r ∈ ∧2g naturally induces a linear map r♯ : g∗ −→ g by
〈r♯(ξ), η〉 = r(ξ, η) = 〈r, ξ ⊗ η〉, ∀ξ, η ∈ g∗.
It is well known that r satisfies the classical Yang-Baxter equation if and only if r♯ is an O-
operator on g with respect to the coadjoint representation [31]. The associated pre-Lie algebra
structure ·r on g
∗ is given by
ξ ·r η := ad
∗
r♯(ξ)
η, ∀ξ, η ∈ g∗.
Its sub-adjacent Lie algebra structure [·, ·]r on g
∗ is given by
(38) [ξ, η]r := ad
∗
r♯(ξ)
η − ad∗
r♯(η)
ξ, ∀ξ, η ∈ g∗.
By Theorem 2.4, deformations of the correspondingO-operator r♯ are characterized byMaurer-
Cartan elements of the differential graded Lie algebra (⊕kHom(∧
kg∗, g), ~·, · , dr♯). We next es-
tablish a relationship between these two differential graded Lie algebras.
Recall that associated to the coadjoint representation, the graded Lie bracket
~·, · : Hom(∧ng∗, g) × Hom(∧mg∗, g) −→ Hom(∧n+mg∗, g)
is given by Eq. (5) and the differential dr♯ is given by dr♯ =

r♯, ·

.
For any k ≥ 0, define Ψ : ∧k+1g −→ Hom(∧kg∗, g) by
(39) 〈Ψ(P)(ξ1, · · · , ξk), ξk+1〉 = 〈P, ξ1 ∧ · · · ∧ ξk ∧ ξk+1〉, ∀P ∈ ∧
k+1g, ξ1, · · · , ξk+1 ∈ g
∗.
In particular, for any x ∈ g, Ψ(x) = x and for any r ∈ ∧2g, Ψ(r) = r♯. The map Ψ establishes
a relationship between the differential graded Lie algebra (⊕k ∧
k+1 g, [·, ·], dr) and the differential
graded Lie algebra (⊕kHom(∧
kg∗, g), ~·, · , dr♯) determined by the O-operator r
♯.
Proposition 7.2. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix. For any P ∈
∧p+1g and Q ∈ ∧q+1g, we have
Ψ([P,Q]) = (−1)pq ~Ψ(P),Ψ(Q) ,(40)
Ψ ◦ dr(P) = (−1)
pdr♯ ◦ Ψ(P).(41)
DEFORMATION AND COHOMOLOGY OF O-OPERATORS 23
Proof. For all x, y ∈ g, by the facts that Ψ(x) = x and [x, y] =

x, y

, we have
Ψ([x, y]) = [x, y] =

Ψ(x),Ψ(y)

.
Then the general case of Eq. (40) can be proved by an induction.
Further by Eq. (40), we have Ψ ◦ dr(P) = Ψ([r, P]) = (−1)
p

r♯,Ψ(P)

= (−1)pdr♯ ◦ Ψ(P). 
Corollary 7.3. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix. If r′ ∈ ∧2g is
a Maurer-Cartan element of the differential graded Lie algebra (⊕k ∧
k+1 g, [·, ·], dr), then r
′♯ is a
Maurer-Cartan element of the differential graded Lie algebra (⊕kHom(∧
kg∗, g), ~·, · , dr♯).
We now recall that a Lie bialgebra is a vector space g equipped with a Lie algebra structure
[·, ·] : ∧2g −→ g and a Lie coalgebra structure δ : g −→ ∧2g such that δ is a 1-cocycle on g with
coefficients in ∧2g via the tensor product of adjoint representations. Note that a Lie coalgebra
structure on g is equivalent to a Lie algebra structure on g∗ when g is finite-dimensional. A Lie
bialgebra homomorphism between two Lie bialgebras (g, [·, ·], δg) and (h, [·, ·], δh) is a Lie algebra
homomorphism φ : g −→ h such that
(φ ⊗ φ) ◦ δg = δh ◦ φ.
In particular, a Lie bialgebra isomorphism is a Lie algebra isomorphism φ : g −→ h such that
φ∗ : h∗ −→ g∗ is also a Lie algebra isomorphism.
Let r be a skew-symmetric r-matrix. Define δ : g −→ ∧2g by
(42) δ(x) = [x, r], ∀x ∈ g.
Then (g, [·, ·], δ) is a Lie bialgebra, which is called a triangular Lie bialgebra. Note that such a
δ defines a Lie algebra structure on g∗ which is exactly the one given by Eq. (38).
Remark 7.4. By Eq. (40), we can recover a very useful formula in the theory of Lie bialgebras
and Poisson geometry:
1
2
[r, r](ξ, η, ·) = [r♯(ξ), r♯(η)] − r♯([ξ, η]r), ∀r ∈ ∧
2g, ξ, η ∈ g.
It follows from
1
2
[r, r](ξ, η, ·) = Ψ(
1
2
[r, r])(ξ, η) =
1
2

r♯, r♯

(ξ, η) = [r♯(ξ), r♯(η)] − r♯([ξ, η]r),∀r ∈ ∧
2
g, ξ, η ∈ g.
7.2. A controlling cohomology of deformations of skew-symmetric r-matrices. Now we es-
tablish an analogue of the Andre´-Quillen cohomology for skew-symmetric r-matrices to control
deformations of skew-symmetric r-matrices. Let r ∈ ∧2g be a skew-symmetric r-matrix. Then
(g∗, [·, ·]r) is a Lie algebra, where the Lie bracket [·, ·]r is given by Eq. (38). Let (⊕kHom(∧
kg∗,K), d)
be the cochain complex associated to the trivial representation, where the coboundary operator
d : Hom(∧kg∗,K) −→ Hom(∧k+1g∗,K) is given by
d f (ξ1, · · · , ξk+1) =
∑
i< j
(−1)i+ j f ([ξi, ξ j]r, ξ1, · · · , ξˆi, · · · , ξˆ j, · · · , ξk+1), ∀ f ∈ Hom(∧
kg∗,K), ξi ∈ g
∗.
Denote by Hk(g∗) the k-th cohomology group, called the k-th cohomology group of the skew-
symmetric r-matrix r. We will identify Hom(∧kg∗,K) with ∧kg in the sequel.
Proposition 7.5. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix. Then we have
(43) d f = dr f := [r, f ], ∀ f ∈ Hom(∧
kg∗,K) = ∧kg.
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Proof. For all f = x ∈ g and ξ1 ∧ ξ2 ∈ ∧
2g∗, we have
〈drx, ξ1 ∧ ξ2〉 = 〈[r, x], ξ1 ∧ ξ2〉 = 〈r, ad
∗
x(ξ1 ∧ ξ2)〉 = 〈r, ad
∗
xξ1 ∧ ξ2 + ξ1 ∧ ad
∗
xξ2〉
= −〈r♯(ξ2), ad
∗
xξ1〉 + 〈r
♯(ξ1), ad
∗
xξ2〉 = 〈[x, r
♯(ξ2)], ξ1〉 − 〈[x, r
♯(ξ1)], ξ2〉
= 〈x, ad∗
r♯(ξ2)
ξ1〉 − 〈x, ad
∗
r♯(ξ1)
ξ2〉 = −〈x, [ξ1, ξ2]r〉 = 〈dx, ξ1 ∧ ξ2〉.
Thus, drx = dx. Arguing by induction, assume that the conclusion holds for f = P ∈ ∧
ng, that is,
(44)
∑
1≤i< j≤n+1
(−1)i+ j〈P, [ξi, ξ j]r ∧ ξ1 ∧ · · · ξˆi · · · ξˆ j · · · ∧ ξn+1〉 = 〈[r, P], ξ1 ∧ · · · ∧ ξn+1〉,
for all ξ1, · · · , ξn+1 ∈ g
∗. Then for f = x1 ∧ P and ξ1 ∧ · · · ∧ ξn+2 ∈ ∧
n+2g∗, we have
〈dr(x1 ∧ P) − d(x1 ∧ P), ξ1 ∧ · · · ∧ ξn+2〉
= 〈[r, x1] ∧ P + (−1)
1·(2−1)x1 ∧ [r, P], ξ1 ∧ · · · ∧ ξn+2〉
−
∑
1≤i< j≤n+2
(−1)i+ j〈x1 ∧ P, [ξi, ξ j]r ∧ ξ1 ∧ · · · ξˆi · · · ξˆ j · · · ∧ ξn+2〉
=
∑
1≤i< j≤n+2
(−1)1+2+i+ j〈[r, x1], ξi ∧ ξ j〉〈P, ξ2 ∧ · · · ξˆi · · · ξˆ j · · · ∧ ξn+2〉
−
∑
1≤i≤n+2
(−1)1+i〈x1, ξi〉〈[r, P], ξ1 ∧ · · · ξˆi · · · ∧ ξn+2〉
−
∑
1≤i< j≤n+2
(−1)i+ j〈x1, [ξi, ξ j]r〉〈P, ξ2 ∧ · · · ξˆi · · · ξˆ j · · · ∧ ξn+2〉
−
∑
1≤i< j≤n+2
(−1)i+ j
∑
1≤s≤i−1
(−1)s〈x1, ξs〉〈P, [ξi, ξ j]r ∧ ξ1 ∧ · · · ξˆs · · · ξˆi · · · ξˆ j · · · ∧ ξn+2〉
−
∑
1≤i< j≤n+2
(−1)i+ j
∑
i+1≤s≤ j−1
(−1)1+s〈x1, ξs〉〈P, [ξi, ξ j]r ∧ ξ1 ∧ · · · ξˆi · · · ξˆs · · · ξˆ j · · · ∧ ξn+2〉
−
∑
1≤i< j≤n+2
(−1)i+ j
∑
j+1≤s≤n+2
(−1)s〈x1, ξs〉〈P, [ξi, ξ j]r ∧ ξ1 ∧ · · · ξˆi · · · ξˆ j · · · ξˆs · · · ∧ ξn+2〉.
By 〈[r, x], ξ1 ∧ ξ2〉 = −〈x, [ξ1, ξ2]r〉, the sum of the first and third terms is zero. Next, by Eq.(44),
the second term is∑
1≤i≤n+2
(−1)i〈x1, ξi〉〈[r, P], ξ1 ∧ · · · ξˆi · · · ∧ ξn+2〉
=
∑
1≤i≤n+2
(−1)i
∑
1≤s<t≤i−1
(−1)s+t〈x1, ξi〉〈P, [ξs, ξt]r ∧ ξ1 ∧ · · · ξˆs · · · ξˆt · · · ξˆi · · · ∧ ξn+2〉
+
∑
1≤i≤n+2
(−1)i
∑
1≤s<i<t≤n+2
(−1)s+t−1〈x1, ξi〉〈P, [ξs, ξt]r ∧ ξ1 ∧ · · · ξˆs · · · ξˆi · · · ξˆt · · · ∧ ξn+2〉
+
∑
1≤i≤n+2
(−1)i
∑
i+1≤s<<t≤n+2
(−1)s−1+t−1〈x1, ξi〉〈P, [ξs, ξt]r ∧ ξ1 ∧ · · · ξˆi · · · ξˆs · · · ξˆt · · · ∧ ξn+2〉,
which implies that dr(x1 ∧ P) = d(x1 ∧ P). This completes the induction. 
There is a close relationship between the cohomology group Hk(g∗) and the cohomology group
Hk−1(g∗, g) of the O-operator r♯. Let us recall the latter from Section 3. By Lemma 3.1, we have
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Corollary 7.6. Let r ∈ ∧2g be a skew-symmetric r-matrix. Let g be a Lie algebra and r ∈ ∧2g a
skew-symmetric r-matrix. Then
̺ : g∗ −→ gl(g), ̺(ξ)(x) := [r♯(ξ), x] + r♯ad∗xξ, ∀ξ ∈ g
∗, x ∈ g,
is a representation of the Lie algebra (g∗, [·, ·]r) on the vector space g.
Remark 7.7. The representation ̺ given above is exactly the coadjoint representation of the Lie
algebra (g∗, [·, ·]r) on the vector space g. More precisely, let ad : g
∗ −→ gl(g∗) be the adjoint
representation of the Lie algebra (g∗, [·, ·]r), then ̺ = ad
∗. It follows from
〈ad∗ξx, η〉 = −〈x, [ξ, η]r〉 = −〈x, ad
∗
r♯ξ
η − ad∗
r♯η
ξ〉
= 〈[r♯ξ, x], η〉 + 〈[x, r♯η], ξ〉 = 〈[r♯ξ, x], η〉 + 〈r♯ad∗xξ, η〉
= 〈̺(ξ)(x), η〉, ∀ξ, η ∈ g∗, x ∈ g.
The Chevalley-Eilenberg coboundary operator d̺ : Hom(∧
kg∗, g) −→ Hom(∧k+1g∗, g) of the
representation ̺ is given by
d̺ f (ξ1, · · · , ξk+1)
:=
k+1∑
i=1
(−1)i+1[r♯ξi, f (ξ1, · · · , ξˆi, · · · , ξk+1)] +
k+1∑
i=1
(−1)i+1r♯ad∗
f (ξ1,··· ,ξˆi,··· ,ξk+1)
ξi
+
∑
1≤i< j≤k+1
(−1)i+ j f ([ξi, ξ j]r, ξ1, · · · , ξˆi, · · · , ξˆ j, · · · , ξk+1),∀ f ∈ Hom(∧
kg∗, g), ξ1, · · · , ξk+1 ∈ g
∗.
Theorem 7.8. With the notations as above, the map Ψ defined by Eq. (39) is a cochain map
between cochain complexes (⊕k ∧
k g, d) and (⊕kHom(∧
kg∗, g), d̺). Consequently, Ψ induces a
map Ψ∗ between the corresponding cohomology groups.
Proof. By Propositions 7.2, 7.5 and 3.3, for all P ∈ ∧k+1g, we have
Ψ(dP) = Ψ([r, p]) = (−1)k[r♯,Ψ(P)] = d̺(Ψ(P)),
as needed. 
Corollary 7.9. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix. Then for the
corresponding O-operator r♯ associated to the coadjoint representation, we have
d̺(x) = [r, x]
♯, ∀x ∈ g.
7.3. Weak homomorphisms between skew-symmetric r-matrices and Lie bialgebras. We
now apply the connection between deformations of O-operators and those of skew-symmetric
r-matrices to study weak homomorphisms between skew-symmetric r-matrices.
Definition 7.10. Let g be a Lie algebra and r1, r2 two skew-symmetric r-matrices. A weak
homomorphism from r2 to r1 consists of a Lie algebra homomorphism φ : g → g and a linear
map ϕ : g→ g satisfying
(ϕ ⊗ Idg)(r1) = (Idg ⊗ φ)(r2);(45)
ϕ[φ(x), y] = [x, ϕ(y)], ∀x, y ∈ g.(46)
If φ and ϕ are also linear isomorphisms, then (φ, ϕ) is called a weak isomorphism from r2 to r1.
Proposition 7.11. Let g be a Lie algebra and r1, r2 two skew-symmetric r-matrices. Then (φ, ϕ) is
a weak homomorphism (weak isomorphism) from r2 to r1 if and only if (φ, ϕ
∗) is a homomorphism
(isomorphism) from r
♯
2
to r
♯
1
as O-operators on g with respect to the coadjoint representation.
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Proof. Let r1 =
∑
j ai ⊗ bi and r2 =
∑
j x j ⊗ y j. Then
r
♯
1
(ξ) =
∑
i
〈ξ, ai〉bi, r
♯
2
(ξ) =
∑
j
〈ξ, x j〉y j, ∀ξ ∈ g
∗.
Hence for any ξ, η ∈ g∗, we have
〈(ϕ ⊗ Idg)(r1), ξ ⊗ η〉 =
∑
i
〈ϕ(ai), ξ〉〈bi, η〉 =
∑
i
〈ai, ϕ
∗(ξ)〉〈bi, η〉 = 〈r
♯
1
◦ ϕ∗(ξ), η〉,
〈(Idg) ⊗ φ)(r2), ξ ⊗ η〉 =
∑
j
〈x j, ξ〉〈φ(yi), η〉 = 〈φ(
∑
j
〈x j, ξ〉yi), η〉 = 〈φ ◦ r
♯
2
(ξ), η〉.
Therefore φ ◦ r♯
2
= r
♯
1
◦ ϕ∗ holds if and only if Eq. (45) holds.
It is straightforward to check that Eq. (46) holds if and only if ϕ∗ad∗xξ = ad
∗
φ(x)ϕ
∗(ξ) for all
x ∈ g, ξ ∈ g∗. Hence the conclusion holds. 
Recall from [13] that two skew-symmetric r-matrices r1 and r2 are said to be equivalent if
there is a Lie algebra isomorphism φ : g −→ g such that
(47) (φ ⊗ φ)(r2) = r1.
There one can also find the notion of an equivalence of r-matrices up to a scalar.
Corollary 7.12. Let g be a Lie algebra and r1, r2 skew-symmetric r-matrices. Then r1 is equiva-
lent to r2 if and only if there exists a Lie algebra isomorphism φ : g −→ g such that (φ, φ
−1) is a
weak isomorphism from r2 to r1.
Proof. If φ : g −→ g is an equivalence from r2 to r1, then it is straightforward to check that
(φ, φ−1) satisfies Eqs. (45) and (46). Conversely, Eqs. (45) implies (φ ⊗ φ)(r2) = r1. 
Remark 7.13. Therefore the notion of equivalence of two skew-symmetric r-matrices r1 and r2
given in [13] is not the same as the notion of weak isomorphism between r1 and r2 in the sense
of Definition 7.10 which is induced from the notion of isomorphism between the corresponding
O-operators with respect to the coadjoint representation. In fact, in general, two weak isomorphic
skew-symmetric r-matrices in the sense of Definition 7.10 might not be equivalent.
Definition 7.14. Let (g, [·, ·], δ1) and (g, [·, ·], δ2) be two Lie bialgebras, (g
∗, [ , ]∗
1
) and (g∗, [ , ]∗
2
)
the corresponding Lie algebra structures on g∗ respectively. A weak homomorphism from
(g, [·, ·], δ2) to (g, [·, ·], δ1) consists of a Lie algebra homomorphism φ : g → g and a linear map
ϕ : g → g such that ϕ∗ : (g∗, [·, ·]∗2) → (g
∗, [·, ·]∗1) is a Lie algebra homomorphism (that is, ϕ is a
Lie coalgebra homomorphism) and
(48) ϕ[φ(x), y] = [x, ϕ(y)], ∀x, y ∈ g.
If in addition, both φ and ϕ are linear isomorphisms, then (φ, ϕ) is called a weak isomorphism
from (g, [·, ·], δ2) to (g, [·, ·], δ1).
Remark 7.15. Note that the above notions of weak homomorphisms and weak isomorphisms are
only available for the two Lie bialgebras with the same Lie algebra g, not for arbitrary two Lie
bialgebras. See also Remark 7.32.
Straightforward from the definitions, we have
Proposition 7.16. Let (g, [·, ·], δ1) and (g, [·, ·], δ2) be two Lie bialgebras. Then (g, [·, ·], δ1) is
isomorphic to (g, [·, ·], δ2) if and only if there exists a Lie algebra isomorphism φ : g → g such
that (φ, φ−1) is a weak isomorphism from (g, [·, ·], δ2) to (g, [·, ·], δ1).
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Proposition 7.17. Let g be a Lie algebra and r1, r2 skew-symmetric r-matrices. Let (g, [·, ·], δ1)
and (g, [·, ·], δ2) be the induced triangular Lie bialgebras respectively, that is,
δ1(x) = [x, r1], δ2(x) = [x, r2], ∀x ∈ g.
If (φ, ϕ) is a weak homomorphism (weak isomorphism) from r2 to r1, or equivalently, if (φ, ϕ) is a
homomorphism (isomorphism) from the O-operator r
♯
2
to r
♯
1
, then (φ, ϕ) is a weak homomorphism
(weak isomorphism) from the Lie bialgebra (g, [·, ·], δ2) to (g, [·, ·], δ1).
Proof. We only need to prove the case of homomorphisms. Let (φ, ϕ) be a weak homomorphism
from r2 to r1 as skew-symmetric r-matrices. Let ξ, η ∈ g
∗, x ∈ g. Then we have
〈ϕ∗[ξ, η]r2 , x〉 = 〈−[r
♯
2
(ξ), ϕ(x)], η〉 + 〈[r♯
2
(η), ϕ(x)], ξ〉
= −〈ϕ[φr♯
2
(ξ), x], η〉 + 〈ϕ[φr♯
2
(η), x], ξ〉
= −〈ϕ[r♯
1
ϕ∗(ξ), x], η〉 + 〈ϕ[r♯
1
ϕ∗(η), x], ξ〉
= −〈[r
♯
1
ϕ∗(ξ), x], ϕ∗(η)〉 + 〈[r
♯
1
ϕ∗(η), x], ϕ∗(ξ)〉
= 〈[ϕ∗(ξ), ϕ∗(η)]r1 , x〉.
Hence ϕ∗ is a Lie algebra homomorphism from (g∗, [·, ·]r2) to (g
∗, [·, ·]r1). Note that Eq. (48) is
exactly Eq. (46). So the conclusion holds. 
Combining Proposition 7.17, Proposition 7.16 ad Corollary 7.12, we obtain
Corollary 7.18. Let g be a Lie algebra and r1, r2 skew-symmetric r-matrices. Let (g, [·, ·], δ1)
and (g, [·, ·], δ2) be the induced triangular Lie bialgebras. If r1 is equivalent to r2, then (g, δ1) is
isomorphic to (g, δ2) as Lie bialgebras.
7.4. Infinitesimal deformations of skew-symmetric r-matrices and triangular Lie bialge-
bras.
Definition 7.19. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix. If r + tκ is a
skew-symmetric r-matrix for any t, then we say that κ generates a one-parameter infinitesimal
deformation of r.
Definition 7.20. Two one parameter infinitesimal deformations r1t = r + tκ1 and r
2
t = r + tκ2 of r
are called equivalent if there exists x ∈ g such that (Idg+tadx, Idg−tadx) is a weak homomorphism
from r2t to r
1
t . In particular, a one-parameter infinitesimal deformation rt = r + tκ is called trivial
if there exists x ∈ g such that (Idg + tadx, Idg − tadx) is a weak homomorphism from rt to r.
Proposition 7.21. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix.
(i) If κ generates a one-parameter infinitesimal deformation of r, then κ is a 2-cocycle.
(ii) If two one-parameter infinitesimal deformations of skew-symmetric r-matrices r1t = r+ tκ1
and r2t = r+ tκ2 are equivalent, then κ1 and κ2 are in the same cohomology class of H
2(g∗).
Proof. (i) If r + tκ is a skew-symmetric r-matrix for any t, then we have
[r + tκ, r + tκ] = [r, r] + 2t[r, κ] + t2[κ, κ] = 0,
which implies [r, κ] = 0, and hence dκ = 0 by Proposition 7.5.
(ii) Assume that (Idg + tadx, Idg − tadx) is a weak homomorphism from r
2
t to r
1
t . Then there
exists an x ∈ g such that
Idg ⊗ (Idg + tadx)(r + tκ2) = (Id − tadx) ⊗ Idg(r + tκ1),
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which implies
t(κ2 − κ1 + [x, r]) + t
2((Idg ⊗ adx)κ2 + (adx ⊗ Idg)κ1) = 0.
Therefore, we have κ2 − κ1 = [r, x], which implies κ2 − κ1 = dx. This completes the proof. 
From the fact that the dual map of ad∗x : g
∗ −→ g∗ is −adx : g −→ g for all x ∈ g, we have
Proposition 7.22. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix.
(i) κ ∈ ∧2g generates a one-parameter infinitesimal deformation of r if and only if κ♯ gener-
ates a one-parameter infinitesimal deformation of r♯ as O-operators.
(ii) Two one-parameter infinitesimal deformations r1t = r + tκ1 and r
2
t = r + tκ2 of r are
equivalent if and only if r1t
♯
and r2t
♯
are equivalent as O-operators.
Now we consider trivial deformations of a skew-symmetric r-matrix which lead to the def-
inition of Nijenhuis elements associated to a skew-symmetric r-matrix. Let rt = r + tκ be
a trivial deformation of a skew-symmetric r-matrix r. Then there exists an x ∈ g such that
(Idg + tadx, Idg − tadx) is a weak homomorphism from rt to r. First by the fact that Idg + tadx is a
Lie algebra endomorphism, we get
(Idg + tadx)[y, z] = [(Idg + tadx)(y), (Idg + tadx)(z)]
= [y, z] + t([[x, y], z] + [y, [x, z]]) + t2[[x, y], [x, z]], ∀y, z ∈ g,
which implies
(49) [[x, y], [x, z]] = 0, ∀y, z ∈ g.
Then by Eq. (45), we get
(50) (Idg ⊗ adx)(Idg ⊗ adx + adx ⊗ Idg)(r) = 0.
By Eq. (46), we get
(51) [x, [[x, y], z]] = 0, ∀y, z ∈ g.
Definition 7.23. Let g be a Lie algebra. An element x ∈ g is called a Nijenhuis element associ-
ated to a skew-symmetric r-matrix r ∈ ∧2g if x satisfies Eqs. (49), (50) and (51).
Denote by Nij(r) the set of Nijenhuis elements associated to a skew-symmetric r-matrix r.
Remark 7.24. Obviously, x ∈ g is a Nijenhuis element associated to a skew-symmetric r-matrix r
if and only if x is a Nijenhuis element associated to the O-operator r♯ with respect to the coadjoint
representation, that is, Nij(r) = Nij(r♯).
Example 7.25. Consider the unique 2-dimensional non-abelian Lie algebra in Example 6.9. It is
obvious that for any a ∈ C, ae1 ∧ e2 is a skew-symmetric r-matrix, and for any b ∈ C, be1 is a
Nijenhuis element associated to ae1 ∧ e2.
From the above discussion, we have seen that a trivial deformation of a skew-symmetric r-
matrix gives rise to a Nijenhuis element. Conversely, we have
Proposition 7.26. Let g be a Lie algebra and r ∈ ∧2g a skew-symmetric r-matrix. Then for any
x ∈ Nij(r), rt = r + t[r, x] is a trivial one-parameter infinitesimal deformation of r.
Proof. By Theorem 4.9, since x is also a Nijenhuis element associated to the O-operator r♯, r
♯
t =
r♯ + t[r, x]♯ = r♯ + td̺(x) is a trivial deformation of r
♯. Then by Proposition 7.22, rt = r + t[r, x] is
a trivial one-parameter infinitesimal deformation of r. 
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In the sequel, we consider one-parameter infinitesimal deformations of a Lie bialgebra.
Definition 7.27. Let (g, [·, ·], δ) be a Lie bialgebra and γ : g −→ ∧2g a linear map. If δ + tγ
defines a Lie bialgebra structure on the Lie algebra g for any t, then we say that γ generates a
one-parameter infinitesimal deformation of the Lie bialgebra (g, [·, ·], δ).
The following conclusion is obvious.
Proposition 7.28. Let (g, [·, ·], δ) be a triangular Lie bialgebra induced by a skew-symmetric r-
matrix r through Eq. (42). If κ generates a one-parameter infinitesimal deformation of r, then
γ defined from κ by Eq. (42) generates a one-parameter infinitesimal deformation of the Lie
bialgebra (g, [·, ·], δ).
Definition 7.29. Let (g, [·, ·], δ) be a Lie bialgebra. Two one-parameter infinitesimal deformations
δ1t = δ + tγ1 and δ
2
t = δ + tγ2 are said to be equivalent if there exists an x ∈ g such that
(Idg + tadx, Idg − tadx) is a weak homomorphism from (g, [·, ·], δ
2
t ) to (g, [·, ·], δ
1
t ). In particular, a
one-parameter infinitesimal deformation δt = δ + tγ is said to be trivial if there exists an x ∈ g
such that (Idg + tadx, Idg − tadx) is a weak homomorphism from (g, [·, ·], δt) to (g, [·, ·], δ).
Proposition 7.30. Let (g, [·, ·], δ) be a triangular Lie bialgebra induced by a skew-symmetric r-
matrix r through Eq. (42). Assume that r1t = r + tκ1 and r
2
t = r + tκ2 are two one-parameter
infinitesimal deformations of r, and δ1t = δ + tγ1 and δ
2
t = δ + tγ2 are the corresponding one-
parameter infinitesimal deformations of (g, [·, ·], δ) given in Proposition 7.28 respectively. Then
δ1t and δ
2
t are equivalent if and only if r
1
t = r + tκ1 and r
2
t = r + tκ2 are equivalent.
Proof. For this one checks that (Idg−tadx)
∗ = Idg∗+tad
∗
x is a Lie algebra morphism from (g
∗, [·, ·]∗
2
)
to (g∗, [·, ·]∗
1
) if and only if Idg ⊗ (Idg + tadx)(r + tκ2) = (Id − tadx) ⊗ Idg(r + tκ1). 
Corollary 7.31. Let (g, [·, ·], δ) be a triangular Lie bialgebra induced by a skew-symmetric r-
matrix r through Eq. (42). Then for any x ∈ Nij(r),
δt(y) = δ(y) + t[y, [r, x]], ∀y ∈ g
is a trivial one-parameter infinitesimal deformation of (g, [·, ·], δ).
7.5. Further discussions. By a similar approach as above, we can also study the formal defor-
mations of skew-symmetric r-matrices in terms of the formal deformations of the corresponding
O-operators given in Section 5.
The relations among deformations of various objects obtained above can be summarized in the
following diagram:
deformation of sub-adj Lie alg.
deformation of r-matrix
22
--
// deformation of triangular Lie bialg.
deformation of Lie coalg.
We end the paper with some observations on related topics for future consideration.
Remark 7.32. In the above deformations of a Lie bialgebra we deform the Lie coalgebra structure
but leave the underlying Lie algebra structure intact. This is consistent with the overall approach
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of this paper that we have deformed the O-operators and pre-Lie algebras while fixing the under-
lying Lie algebra. Results in this paper pave the way to consider a deformation theory where the
Lie algebra is also deformed.
Remark 7.33. It is natural to consider the quantum enveloping algebra structures corresponding
to the deformations of the above triangular Lie bialgebras. It is known that for every Lie bialgebra,
there is a corresponding quantum enveloping algebra [17]. So the quantum enveloping algebras
corresponding to the deformations of the triangular Lie bialgebras in this subsection should be
certain “deformed” structures also. This problem could be better understood with more explicit
examples. On the other hand, there have been some interest in “multiparameter quantization”. In
fact, some approaches on this subject (for example [38]) have already involved certain “deformed”
structures of r-matrices. It is an interesting problem to study the relationships between these
quantum structures.
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